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Abstract

The adequate selection of the integration rule andstemis
crucial to ensure accurate results in the simulation of an
electric network. For this reason, this work has two main
objectives: to analyze the distortion of the waves due to the
integration rule and integration time step, and to provide
guidelines for new <circuit si mul
properly choose an integration rule and a time step according
to a desired precision. When discretizing a continuous
system, the frequency response of the discrete system can be
used to evaluate the precisiohtibe mentioned rule, since a
discrete system can be viewed as a filter. Howetles
frequency response provides the accuracy of the discrete
system during the steady state; the transséaie accuracy

can be analysed by evaluating the pole distortioa the
discretization. This work focuses on the analysis of the
steadystate accuracy and the transistdate accuracy of two
discrete systems: an RL branch used as a fist order system and
an RLC branch used as a second order system. For this
analysis, wo commonly used discretization rules are
considered, backward Euler and trapezoidal rules.

Frequency response, Integration rule,

backward Euler, Trapezoidal rule

time step,

Resumen

La selecci-n de regla tyesdel
primordial paraasegurar resultados precisos en la simulacién
de una red eléctrica. Por esta razdn, este trabajo tiene como
objetivos analizar la distorsion que sufren las formas de onda
obtenidas debida a la regla y al paso de integracion, y
aroporciondr direciriees guayuden & tosv usdianos de
simuladores de redes eléctricas en la seleccién adecuada de
estos elementos acuerdo a cierta precision deseada. Al aplicar
una regla de integracién a un sistema, se puede utilizar su
respuesta en frecuencia para evaluar la pgetide dicha
regla, ya que un sistema discreto se puede analizar como un
filtro. Sin embargo, la respuesta en frecuencia proporciona
solamente la precisién de la respuesta de estado estable; la
precision de la respuesta transitoria se puede analizar
medianeé la evaluacion de la distorsion que sufren los polos
de los sistemas continuos cuando se convierten a discretos.
Este trabajo se centra en los andlisis de las precisiones de
estado estable y estado transitorio de dos sistemas discretos:
una rama RL serieomo sistema de primer orden y una rama
RLC serie como sistema de segundo orden. Para este analisis
se utilizan la regla trapezoidal y Euler hacia atras, dos de las
reglas de integraciéon mas utilizadas para la simulacion de
redes eléctricas.

Respuesta enfrecuencia, Regla de integracion, Euler
hacia atras, Regla trapezoidal
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Introduction

Transient analysis calculates the response of a
circuit as a function of time by numerically
integrating the set of differenti@quations that
model the system or by modeling the voltage and
current relationships of each element. These
relationships are represented by equivalent
circuits consisting of combinations of resistors
and sources whose values depend on the
integration rles used. This is the approach used
in electromagnetic transient simulators such as
EMTP and SPICE, which are widely used
computer programs for the study of transients in
power systems [1].

The accuracy of the integration rules
used to simulate transients|as been studied
extensively using the frequency response of an
inductor or capacitor in [2]3]; however, a
power network can be viewed as a combination
of multiple first and secondrder branches.
This paper focuses on the analysis of the steady
state and transienstate accuracies of two
discrete systems: a series RL branch as a first
order system and a series RLC branch as a
secondorder system. The trapezoidal and
backward Euler rug two of the most widely
used integration rules for the simulatiaf
electrical networks, are used for this analysis.
Integration Rules for
Transient Simulation

Electromagnetic

Two of the most commonly used integration
rules in electrical network simulation are
backward Euler (BE) and trapezoidal (TRA).
These rules arA-stable in that, independent of
the accuracy of the solution, they always vyield
stable results. It is important to note that the
accuracy of the response or solution depends on
three factors [2]: the inherent properties of the
integration rule, the sizef the integration step,
and the characteristics of the circuit being
simulated.

Discretization procedure

The discrete equivalerii[z] of a continuous
transfer function H(s) can be obtained by
mapping from the-slomain to the domain. For
the cases ofhe integration rules used in this

paper, the mapping is performed by the
following formulas [3]:
2z-1 _1z-1
RA:am1 See _E 2 (1a), (1b)
ISSN 25236806
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where ptis the time increment or integration
step.

Accuracy of integration rules

The frequency response of a system provides the
steadystate response to sinusoidal inputs over a
frequency range. When the system is in steady
state, the output differs from thieput only in
magnitude and phase. For this reason, the
accuracy of a discrete systehi[z] can be
evaluated by comparing its frequency response
with the frequency response of the continuous
systemH(s). To obtain the frequency response
of H(s),the compl& frequency is sampled as

S= | 2pKDf (2)
wherem1s the frequency increment and N is the
number of samples. Note that-@y opfis the
maximum frequency or Nyquist frequenay.f
To obtain the frequency response of Hiz,e® ?

is used, where s is sampled as in (2) gund
=1/(2fny). The frequency rg®nses in this article
are plotted using a normalized frequency

3)

Normalized frequency

S
AN

which is defined as the frequency per unit of the
sampling frequencys = 2fny.. The normalized
frequency has a range from 0 t6,0xhere 0.5 is
the normaked fyy.

This paper also analyzes the errors of the
natural response of discrete systems. To perform
this analysis, the poles and residuafsdiscrete
systems are compared with those of continuous
systems; the comparison is performed in the
continuous mne. For this, the discrete
parameter in question is converted to a distorted
parameter that exists in the continuoasnadin;
for example, a discref@iscrete pole is converted
to a distorte distorted pole using the formula [4].

(4)

pdistorsior‘ado = In(pdiscreto)/ D
First Order System

The firstorder system considered in this article
iIs an RL branch. Taking voltage as input and
current as outputi(s)is the transfer function of
the continuous system, which is

Hig= YL (5)

s+R/L
GALVAN-SANCHEZ, Verbnica Adriana, BANUELOSABRAL,
Eduardo Salvador, GARCESANCHEZ, Jorge Luis and SOTELO
CASTARON, Julian. Precision analysis of the integration rules used
transient simulation inelectric networks. Journal of Technologic:
Operations. 2023
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Substituting (1) into (5) gives the The criterion for selectin® depends on
following discrete transfer functions: the tolerance error of each specific application
[ 6] . 't i s worth mention
Ho (7= Dt z+1 (6a) according toB, gpt= 1/(2B) is used, i.eB =
T RDt+2L z+(RDt- 2L)/(RDt+2L) fny.Graph2 shows the effect of energy content
on the normalized ot,; t h
1 7 sysem U L#R) is used as the time base.
Heeld = o (6b)
z- 1/(RDt/L+D)
Graph 3a presents the frequency
The impulse response of thizsf-order response of the first oro_ler discrete systeffqyif
system has the forfi(t) = re™, wherer andp are (B) is select_ed to contain 90% of t_he spectrum
respectively the residue @pole of (5). From (6) energy. Un'llke t_he case of a pure inductance, it
we obtain the impulse responses as in [5], which €&n be noticed in thigraphthat theRL system
have the form discretized by TRA presents error in the phase;
however, this discrete system has less than 5%
Dt error in amplitude and only one degree of error
h[m]:{((’ime)(pdiscre“) +kdi5°'ef[fo]}/ ! (7 atafrequer?cy equal to ong fifth faf, ?Nhile the
errors of the system discretized by BE are
m=0,1,2,..N -, m consideably large at that same frequency. fiy
IS selected so that it contains 99% of the energy
wherer giscreto Pdiscreto@ndkdiscretodre respectively of the spectrum, the frequenogsponses are as
theresidue the pole and the cetant term of (6); shown in grap8b. Similar to the case of pure
note that the values of these parameters are inductance, the phase error for TRA is negligible
different for (6a) and for (6b). over the entirérequency range.
Accuracy of the steady state solution 16
o 1471
The accuracy of some integration rules is :é 12t
presented in [1]. In this reference, the frequency &
response of a pure indunt® is considered, = 08t
which is reproduced igraphl. The curves in % 06t ]
graphh, depend only on the\Eﬁt, TRA lati on
rule, which means that they do not depend onthe = (; BE
circuit parameterd.(in this case). However, this 0 - - - -
is not the case for circuits that are composed by 0 0.1 0.2 0.3 0.4 0.5

a variety of elements as shown below. In the case Normalized frequency (pu)
of theRL branch, different plots are obtained for
different values ofR, L and gt To obtain
standard shape curves asgraphl, thetis
defined in a general way, i.e., for any valudRof
andL. This time increment can be specified by
the bandwidth of the systerapresented by (5).
Although this system is not baiichited, most

of the spectrum energy is contained in a band
from f = OHz tof = BHz. For example, the
bandwidth B containing 90% of the spectrum

. L 0 0.1 0.2 0.3 0.4 0.5
[e6r]ergy can be obtained by the energy criterion Normalized frequency (pu)

el
o

TRA
BE

(9%} [*))
(e} o
T T

H[z]/H(s), Phase (°)

(e}

Graph 1 Comparison of the frequency response of the

B = |p] tan(0.900/2) discrete systas versus the continuous system

2 (8)

GALVAN-SANCHEZ, Ver6nica Adriana, BANUELOSABRAL,
ISSN25236806 Eduardo Salvador, GARCKSANCHEZ, Jorge Luis and SOTELO
ECORFAN®AII rights reserved CASTANON, Julian. Precision analysis of the integration rules used
transient simulation inelectric networks. Journal of Technologic:
Operations. 2023
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10° 90
R TRA
10% < BE
% 60 r
& 10! £
< ol = a0l
10 = 30
N
107!, =
0
1072 ' ' ‘ ' ' ' ' '
1 0.8 0.6 0.4 0.2 0 0 0.1 0.2 0.3 0.4 0.5
Energy content of H(s) (pu) Normalized frequency (pu)
Graph3 B
Graph 2 Vari ation of mpt as function of the energy
content of the firsbrdersystem spectrum Graphic 3 Frequency response of first order systems if the
ot is calculated with the

1.6
o 1471
kst
£12¢
=
=
Z 08|
i 0.6 1
N 0.4+ TRA
T 0.2 BE
0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5
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= TRA
< BE
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the spectrum energy, (b) 99% of the spectrum energy.
Accuracy of the transient solution

To discretize the continuous system, tpais
varied according to a variation of the energy
content of the spectrum of (5) from 0.1% to
99.9% (0.001pu to 0.999pu). The poles and
distorted residuals are companedh the exact
values in graph. This plot is standard for any
first-order system if theptis chosen according
to the energy criterionAt the gptcorresponding

to approximately 64% (0.64 pu) of the energy

there is a resonance in the plot. This resonance is

due to the fact that from thep the pole and the
discrete residuebecome negative; in ¢h
continuous plane the distorted magnitudes
become complexGraph4d a s hows
corresponding to 90% of the energy, the error of
the TRA distorted pole is 2.1% while the BE
distorted pole is 18.8%. Frograph4b it can be
seen that TRA always orastimates the
magnitudes of the residueghen the distorted
pole is real, while BE underestimates them. With
a ot correspondnergyg thd o
error of the residudistorted by TRA is less than
10%, while the error of the one distorted by BE
is greater than 30%.

5
= TRA
§ 47 BE
13} [}
R
75
- F
(@]
%=
% 1
Q

O 1 1 1 1

1 0.8 0.6 0.4 0.2 0

Energy content to select At (pu)

Graph4 A

GALVAN-SANCHEZ, Verbnica Adriana, BANUELOSABRAL,
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CASTARON, Julian. Precision analysis of the integration rules used
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Operations. 2023

t hat

ene

9 (



5

Article Journal of Technological Operations
June, 2023 Vol.7 No0.19-11
4 , The impulse response h(t) of the second
— order system in (10) has the fohit) = rieP +
g, BE r-e"® where the variables r and p are
§ respectively the residues and poles of (10). From
=3 (11) we obtain the impulse responses of the
g discrete systems, which have them
2t
h[m] :[( l:iwscretel)( pdiscrela)m {rdiscreté)( p discre&)m k discrLtQ]}/ t
-4 .
1 08 06 04 02 0 m=0,1,2,..N - (12)

Energy content to select At (pu)
Graph4 B
Graphic 4 Comparison of the distorted poles and residuals
of the first order system against the exact values. (a)

Comparison of the distorted poles, (b) conmgxam of the
distorted residuals

Second order sysém

A series RLC circuit is used to evaluate the

where the variablaSiscreta Pdiscrete@NdKdiscretodre
respectively the residugeghe poles and the
constant term of (11); note that thalwes of
these parameters are different for (11a) and for
(11b).

Accuracy of the steady state solution

For the underdamped case, systems with
damping factors 0.01, 0.2, 0.5 and 0.8 are

steady state response and transient response of agnalyzed, and for the overdamped case, systems

second order system. To obtain different
damping factorRisvariedin he
the following equation:

ng\? ©)

Sincewhen si mul ati ng
the frequency and damping of the natural
response strongly depend on the time increment
and the integration rule. Transfer functibifs)
of the RLC branch is used as a reference to
compare the different numerical methodshé
source voltage is taken as input and the voltage
on the capacitor as output, the transfer function
of theRLCbranch is

y(Lc)

M= o R (L)

(10)

Substituting (1) intg10), we obtain the
discrete transfer functions

Hiral2 = (11a)
™ 422-1g Ra2z-1g 1
ot z+12 Lot z+12 LC
LC
Hoel2] = _ve) (11b)
alz 18 +Ral 2_18+i
otz ¢ L z ¢ e
ISSN 25236806
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with damping factors.1, 5 and 10 are analyzed.
The €Erifichll§ dadged se, i.e., thetsys with
c=1, i s aUndedampedsystarilig d .
= 10f, (gt = 0.05T0), is chosen, the comparisons of
the frequencyeasponses are as found in graphs
5a and 5b. It is pertinent tarify that the error

in magnitude of TRAaround the resonance

| drepuepcyfn/10 is fue todhe phase shift of the

frequency response [7].

What happens in the case of BE
discretizations is different: the magnitude of the
frequency response is signifighn attenuated
around fO for all damping factors; the phase of
the response is also highly distorted around the
resonance frequency. Kyfis increased so that it
is 100f, (gt = 0.00570), thefrequency responses are
as in graph&c and 5d. In this case, the error in
magnitude around the resonant frequency for all
considered values of &6
i's considerable for BE
in the TRA phasés less than 1° for the whole
frequency range, and for BE the error has an
almost linear behavior (from 0 to 180°) over the
whole frequency range, except around
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Graph5 b The comparison of the frequency response of
discrete and anatigal systems is shown in graph
1 6. fny Used for the analysis corresponds to 99% of
2ol the energy. For all the systems discretized by
g TRA, the error in the magnitude of thesponse
an . .
06 is less than 2% for sources whosegtrency is
= —_— - up to one tenth ofy,; in the same frequency
o ¢=0.01 y _
T e =02 range, the error of the steady state response in the
S02f 77T (=05 phase is less than half a degree. It can be seen
LT m¢m08 . . that with BE the error in the response amplitude
0 0.1 02 0.3 0.4 05 is smaller than W_ith TRA, however, the error in
Normalized frequency (pu) the phase of BE is very Iarge; for example, fora
source frequency of orféth of f, the error is
greater than 30°.
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Graphic 6 Comparison of the frequency response of
critically damped and overdamped second order systems
for agptcorresponding to 99% of the energy. (a) Discrete
system using TRA, (b) Discrete system using BE.
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Accuracy of the transient state solution

To make comparisons of the discrete system
parameters with the analytical system
parameters, the damping factor is varied from
0.01 to 0.99 and theptto discretize the
continuous systems is varied from 0.1 to 0.0017
times the pead of the resonance frequenty

in other words, th&o; is varied from 5 to 300
times the resonance frequerigy

Underdamped ystem

The impulse responsg), with p;, p.= ¥, &hd
r, r. = A2 e*i4 has the form of a damped cosine
and can be expressed in the following ways.

h(t)=re™ +,e™ Ad'cosfr,t +
= .2'|r1|eA{p’}t cosé Aptt + rl'l)

In the underdampethsey; andr, aswell
asp, andp, are complex conjugates respectively.
The imaginary part of pl is consider&ul be
positive and therefore cont ai ns d,
phase. The mapping of s to thelane distorts
the real part and the imaginary paraafomplex
number differently [4]. For this reason, the
accuracy analysis is performed on the following
parameters of the impulse response: o{pi}, t
=p{p}, A=2n|,d "= Thegraphsare left as a
sheet and a cut is made to show minimum
precisians.

13

Graph 7 shows comparisons of the
natural frequencgnand dampi ng @
exact equivalets at 99% minimum accuracy.
Graphs 7a and 7c llustrate that when
discretizing by TRA and usingeat
accuracy ofbothhrhand @ i s farall |
damping factors; in contrast, Graphis shows
that when discretizing by BE and usingpe=
0.01 To, only damping factors smaller than 0.1
can be represented with 99% nimum
accuracy. Using BE, Graphc shows that the
smallest damping factor thaan be used such
that the 99% mini

s 6 = 0.37; to achi
gtconsidered in tis work, 0.0017 s, must be
used.

Graph8 shows the comparisons for the
amplitude of the respongeand the phase of the
d screte systems d. The
that a minimum accuracy of 99% is shown.
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With TRA, similar to the behavior of For TRA, with an approximate maximum
and 0, when usi ng amtma xtimeninarementqne0.04l,n ct B me mtc cur ac
= 0.03Ty, the accuracy iAis at least 99% for all within the mentioned accuracy range for all

damping factors. With BEhe time increments damping factors considered. It is very interesting

must be much smaller to reach 99% accuracy for to note that for BE the error with all time

all damping factors. increments foall damping factors considered is
zero, i.e., from this it can be concluded that the

O1r phase of the natural response is not affected by
0.08 | the application of BE.
E o006} Overdamped systerithe two real poles
£ 0.04 L of the second order system have different time
< i i T constantsTo choose the appropriate time step
0.02 using the energy criterion, the appropriate
0 | bandwidthB is selected according to the faster
0 0.2 04 0.6 0.8 1 pole (the one with the larger absolute value). The
Gra h<7a behavior of the faster pole is seen as ifGhaph
01+ P of the firstorder systm in Graph5. The other
pole, whose bandwidth is smaller, possesses
0.08 1 higher accuracy for the specifieplt
E 0.06
to 0.04
S oot
0.02 i
0 ]
0 0.2 0.4 0.6 0.8 1
¢
Graph7b
Graph 8a
Graph7c
Graph 8b
Graph 8 (a) AdistortedPexaci TRA; (b)AdistorteJAexact, BE; (C)
Caistorted b, TRA distortea %}tBEd
Graph7d

Graph 7 ( a )1 distofed ¥ exact TRA h,distov(edb ){exac’{x‘
BE; dbwotey Skl T R Adistated( éﬂbc)i BEU

Graph 9a
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