
1 

 

 

Life cycle methodology in the design of a Computational solution for 5th degree 

Algebraic Equations with real coefficients 

 

Metodología del Ciclo de Vida en el Diseño de una Solución Computacional para 

Ecuaciones Algebraicas de 5° grado con coeficientes reales 

 

Chávez-Pichardo, Mauricio*a, Martínez-Cruz Miguel Ángelb, Dorantes-Benavidez Humbertoc and 

Arenas-Resendiz, Tanyad 
 
a  Tecnológico Nacional de México, TESOEM •  KFS-9130-2024 •   0000-0002-3378-0440 •  420775 
b  Instituto Politécnico Nacional •  ADX-7792-2022 •   0000-0002-4431-9262 •   208501 
c  Tecnológico Nacional de México, TESOEM •  KFQ-2120-2024 •  0000-0003-1490-1873 •  776677 
d  Instituto Politécnico Nacional •  ADO-1382-2022 •  0000-0003-0385-0791 •  292708 

 

SECIHTI classification                                                                                        DOI: https://doi.org/10.35429/H.2026.2.1.13 

 

Area: Engineering  

Field: Engineering 

Discipline: Systems Engineering 

Subdiscipline: Computing 

 

Key Handbooks 
 

This chapter proposes a general methodology for solving fifth-degree polynomial equations that is partly 

numerical and partly analytical, whereas most of the usual computational methods for solving this type of 

equation tend to be entirely numerical and iterative, due to the lack of precise and general analytical solutions 

for this type of equation (according to Abel-Ruffini's theorem). Therefore, the method proposed here is more 

accurate than the usual methods, as it is partially analytical. All the authors of this chapter are graduates of the 

Systems Engineering Area of the Postgraduate Studies and Research Section of ESIME-Zacatenco, which 

belongs to the National Polytechnic Institute. Dr. Martínez-Cruz and Dr. Arenas-Resendiz are currently 

affiliated with this same institution, both being members of the SNII of the SECIHTI (both at Level 1). Dr. 

Chávez-Pichardo and Dr. Dorantes-Benavídez are currently affiliated with the Division of Graduate Studies and 

Research at the Technological Institute of Higher Education of the Eastern State of Mexico, which belongs to 

the National Technological Institute of Mexico (TecNM-TESOEM), with Dr. Dorantes-Benavídez also being a 

member of the SNII of the SECIHTI at the Candidate Level. Finally, the four authors of this paper are specialists 

in various topics related to Systems Engineering, as evidenced in all their previously published research, both 

nationally and internationally. 
 

 
 

 

 

 

 

 

 

 

 

Area: Promotion of frontier research and basic science in all fields of knowledge 

 

Citation: Chávez-Pichardo, Mauricio, Martínez-Cruz Miguel Ángel, Dorantes-Benavidez Humberto and Arenas-Resendiz, 

Tanya. 2026. Life cycle methodology in the design of a Computational solution for 5th degree Algebraic Equations with real 

coefficients. 1-13. ECORFAN. 

 

*  [mauricio.chavez@tesoem.edu.mx] 

 

Handbook shelf URL: https://www.ecorfan.org/handbooks.php  

 
 

 

 

ISBN 978-607-8948-97-0/©2009 The Authors. Published by ECORFAN-Mexico, S.C. for 

its Holding Mexico on behalf of Handbook HSEAT. This is an open access chapter under 
the CC BY-NC-ND license [http://creativecommons.org/licenses/by-nc-nd/4.0/] 

 

Peer Review under the responsibility of the Scientific Committee MARVID®- in 
contribution to the scientific, technological and innovation Peer Review Process by training 

Human Resources for the continuity in the Critical Analysis of International Research. 

 

 

https://ror.org/00davry38
https://www.webofscience.com/wos/author/record/KFS-9130-2024
https://orcid.org/0000-0002-3378-0440
https://ror.org/059sp8j34
https://www.webofscience.com/wos/author/record/ADX-7792-2022
https://orcid.org/0000-0002-4431-9262
https://ror.org/00davry38
https://www.webofscience.com/wos/author/record/KFQ-2120-2024
https://orcid.org/0000-0003-1490-1873
https://ror.org/059sp8j34
https://www.webofscience.com/wos/author/record/ADO-1382-2022
https://orcid.org/0000-0003-0385-0791
https://doi.org/
https://www.ecorfan.org/handbooks.php
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://www.marvid.org/


2 

 

 

Abstract 
 

Based on analytical methods and without the use of complex arithmetic for the solution of algebraic 

equations from second- to fourth-degree and other practical methods such as the Rational Root Theorem 

and the Newton-Raphson Method for the solution of fifth-degree equations, the Life Cycle Methodology 

is applied here to design a computer program that gives efficient solutions to quintic equations, in order 

to solve practical problems that require the use of this kind of equations. 

 

 
 

Polynomials, Quintic Equations, Analytic and Numerical Methods 

 

Resumen 
 

Con base en métodos analíticos y sin el uso de aritmética compleja para la solución de las ecuaciones 

algebraicas de segundo a cuarto grado y de otros métodos prácticos como el Teorema de la Raíz Racional 

y el Método de Newton-Raphson para la solución de las ecuaciones de quinto grado, aquí se aplica la 

Metodología del Ciclo de Vida para diseñar un programa computacional que dé soluciones eficientes 

a las EQ, con el fin de dar solución a problemas prácticos que requieran del uso de este tipo de ecuaciones. 
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1. Introduction 

 

According to Abel-Ruffini's theorem (Tignol, 2016), algebraic equations of degree five and above lack 

general formulas for their analytical solution using radicals, unlike those of degree less than five. On the 

other hand, for centuries, the practicality of classical analytical methods for solving third- and fourth-

degree equations was discredited due to the mistaken belief that their application inevitably involved the 

use of complex arithmetic, which supposedly made it difficult to solve these equations analytically. 

 

As a result, historically there was a need to develop more practical alternative solutions for all 

types of equations, such as iterative numerical methods. However, the belief that complex arithmetic was 

indispensable for analytically solving all equations of degree less than 5 was recently debunked, with the 

help of modern computational tools and completely dispensing with complex arithmetic and numerical 

methods (Chávez-Pichardo et al., 2023). Thus, as there is no general analytical solution for EQs, this text 

proposes a new computational method for solving all algebraic equations in the following way: 

 

𝑎𝑥5 + 𝑏𝑥4 + 𝑐𝑥3 + 𝑑𝑥2 + 𝑒𝑥 + 𝑓 = 0, con 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℝ y 𝑎 ≠ 0            [1] 
This method is hybrid, as it is partly analytical and partly numerical, unlike traditional 

computational methods, which tend to be entirely numerical and iterative. This makes the new method 

more effective than existing methods, as it is based on the fact that if t∈R is one of the five roots of 

equation [1]; that is, 𝑎𝑡5 + 𝑏𝑡4 + 𝑐𝑡3 + 𝑑𝑡2 + 𝑒𝑡 + 𝑓 = 0, then the Fundamental Theorem of Algebra 

implies the following (Stahl, 2013): 

 

𝑎𝑥5 + 𝑏𝑥4 + 𝑐𝑥3 + 𝑑𝑥2 + 𝑒𝑥 + 𝑓 = (𝑥 − 𝑡)(𝑎𝑥4 + 𝑏1𝑥3 + 𝑐1𝑥2 + 𝑑1𝑥 + 𝑒1)           [2] 
Where 𝑏1, 𝑐1, 𝑑1, 𝑒1 ∈ ℝ also, given that: 

 

𝑏1 = 𝑎𝑡 + 𝑏, 𝑐1 = 𝑎𝑡2 + 𝑏𝑡 + 𝑐, 𝑑1 = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 y 𝑒1 = 𝑎𝑡4 + 𝑏𝑡3 + 𝑐𝑡2 + 𝑑𝑡 + 𝑒         [3] 
Thus, if t can be determined, either by methods such as the Rational Root Theorem, Newton-

Raphson's Method, or because t is a multiple root of equation [1], in which case t would also be a critical 

point of this polynomial; that is, t is both a real root of equation [1] and of its respective derivative (Weiss 

& Dubisch, 1949); this can be corroborated by analytically searching for the real roots of its derivative, 

since it will always be a fourth-degree polynomial, and verifying whether any of these roots also satisfy 

equation [1]. On the other hand, equation [2] implies that the other four complex roots of equation [1] 

can be found by analytically solving the following quartic equation: 

 

𝑎𝑥4 + 𝑏1𝑥3 + 𝑐1𝑥2 + 𝑑1𝑥 + 𝑒1 = 0                 [4] 
Taking advantage of the fact that equations [3] guarantee that prior knowledge t causes the 

coefficients 𝑏1, 𝑐1, 𝑑1 and 𝑒1 in equation [4] are also known. To this end, we present the development of 

a computer programme designed based on all this previously tested knowledge and following the Life 

Cycle Methodology, which, according to (Yas et al., 2023) and (Saxena et al., 2026), consists 

fundamentally of the following five essential steps: 1. Requirements Analysis, 2. Design, 3. 

Implementation, 4. Testing, and 5. Maintenance. 

 

Therefore, the subsequent sections of this chapter are organised as follows: section 2 will explain 

in detail how the Life Cycle Methodology was applied to create the programme proposed here, reviewing 

each of the five steps of this methodology in subsections; Section 3 shows the results obtained when 

implementing this programme in the Wolfram Mathematica programming language, and finally, Section 

4 presents the conclusions of this project. 

 

Finally, it is worth mentioning that the importance of solving this type of equation lies in its 

everyday application to practical problems in different disciplines, such as non-linear optimisation and 

engineering problems that are usually solved using other mathematical tools that depend on the solution 

of polynomial equations, such as differential equations or the eigenvalues of a square matrix, etc. hence 

the importance of continuing to develop practical and more efficient solutions for this type of equation, 

regardless of current and future theoretical and technological advances. 

 

 

 

 

https://books.google.com/books?hl=es&lr=&id=4mRIDQAAQBAJ&oi=fnd&pg=PR7&dq=galois%27+theory+of+algebraic+equations&ots=m7MgTWQYXP&sig=JfA9ovA_jcF5Mot9kEH7Lz0Wqi0
https://doi.org/10.3390/math11061447
https://cir.nii.ac.jp/crid/1130282268906397568
https://www.cambridge.org/core/journals/mathematical-gazette/article/higher-algebra-for-the-undergraduate-by-marie-j-weiss-pp-viii165-30s-1949-john-wiley-new-york-chapman-hall/D39EAA626BC91CDBF35925391F154993
https://www.cambridge.org/core/journals/mathematical-gazette/article/higher-algebra-for-the-undergraduate-by-marie-j-weiss-pp-viii165-30s-1949-john-wiley-new-york-chapman-hall/D39EAA626BC91CDBF35925391F154993
https://doi.org/10.52866/ijcsm.2023.04.04.014
https://doi.org/10.1007/s10668-025-07049-8
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2. Methodology 

 

Below, we break down each of the five essential steps that make up the Life Cycle Methodology for the 

development of the computer programme proposed in this chapter. 

 

2.1. Requirements Analysis 

 

In this initial step, the main previously tested results of equation theory and other considerations that will 

serve as the theoretical basis for the proposed programme will be presented. 

 

2.1.1. Theoretical-Practical Solutions for Polynomial Equations in General 

 

Although there are no general algebraic formulas for solving polynomial equations of the fifth degree 

and above, the following two theorems can be effectively applied to these equations in general, under 

certain conditions. 

 

Theorem 1. (Rational Root Theorem) Sea 𝑛 ∈ ℕ and suppose that the polynomial equation 𝑎𝑛𝑥𝑛 +
𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛−2𝑥𝑛−2 ⋯ + 𝑎1𝑥 + 𝑎0 = 0, with 𝑎𝑖 ∈ ℤ for everything 𝑖 ∈ {0,1,2, ⋯ , 𝑛} and 𝑎𝑛. ≠ 0, has 

a root 𝑡 ∈ ℚ; then, 𝑡 = 𝑝 𝑞⁄  with 𝑝, 𝑞 ∈ ℤ, such that 𝑝 dividir a 𝑎0 y 𝑞 divide a 𝑎𝑛. 

 

Theorem 2. (Newton-Raphson method) Sean 𝐴 ⊆ ℝ y 𝑟, 𝑥0 ∈ 𝐴, Now suppose that 𝐹: 𝐴 → ℝ is a 

differentiable function in 𝐴 and that 𝐹(𝑡) = 0 ≠ 𝐹(𝑥0); then, if 𝑥0 is a value close to 𝑡, din such a way 

that there are no critical points of 𝐹 between 𝑥0 and 𝑡, then 𝑥1 = 𝑥0 − 𝐹(𝑥0) 𝐹′(𝑥0)⁄  eIt is a better 

approximation of 𝑡 that 𝑥0; in fact, 𝑥𝑛+1 = 𝑥𝑛 − 𝐹(𝑥𝑛) 𝐹′(𝑥𝑛)⁄  is closer to 𝑡 that 𝑥𝑛, for everything 𝑛 ≥
𝑘 from some 𝑘 ∈ ℕ large enough. Therefore, 𝐹(𝑥𝑛) ≈ 0 for someone 𝑛 ∈ ℕ large enough, which will 

ensure that said 𝑥𝑛 be a very good approximation of 𝑡. 

 

2.1.2. Analytical Solutions for Third Degree Equations. 

 

Theorem 3. (General Analytical Solution for Third Degree Equations) Suppose that 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 +

𝑑 = 0 with 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ and 𝑎 ≠ 0, Now define yourselves 𝑝 ≔
3𝑎𝑐−𝑏2

3𝑎2  and 𝑞 ≔
2𝑏3−9𝑎𝑏𝑐+27𝑎2𝑑

27𝑎3 , 

whereas the cubic discriminant is given as Δ3 = −4𝑝3 − 27𝑞2; eTherefore, the three roots of the cubic 

equation in question are given as follows: 

 

(i) Si Δ3 ≤ 0, then 𝑥1 = √−
𝑞

2
+ √−

Δ3

108

3

+ √−
𝑞

2
− √−

Δ3

108

3

−
𝑏

3𝑎
. 

(ii) Si Δ3 > 0, then 𝑥1 = 2√−
𝑝

3
cos [

1

3
arccos {−

𝑞

2
√(−

3

𝑝
)

3

}] −
𝑏

3𝑎
. 

(iii) 𝑥2,3 =
−(𝑎𝑥1+𝑏)±√𝑏2−4𝑎𝑐−(3𝑎𝑥1+2𝑏)𝑎𝑥1

2𝑎
 for everything Δ3 ∈ ℝ. 

 

AunAlthough Theorem 3 is generally an effective solution for ECs, there is one particular case 

for which there is an even more effective solution, which is shown below: 

 

Theorem 4. (Analytical Solution for ECs with Purely Imaginary Roots) Suppose that 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 +

𝑑 = 0 with 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ and 𝑎 ≠ 0, such that 𝑎𝑑 = 𝑏𝑐 y 
𝑐

𝑎
> 0; then, The three roots of the cubic 

equation in question are given as: 𝑥1 = −
𝑏

𝑎
= −

𝑑

𝑐
 y 𝑥2,3 = ±√

𝑐

𝑎
𝑖. 

 

2.1.3. Analytical Solutions for Fourth Degree Equations 

 

In order to propose analytical solutions to the General Quartic Equation, given by 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 +
𝑑𝑥 + 𝑒 = 0 with 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈ ℝ and 𝑎 ≠ 0, It is important to first consider the coefficients of the 

reduced quartic equation, which are defined as: 
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𝑝 ≔
8𝑎𝑐−3𝑏2

8𝑎2 , 𝑞 ≔
𝑏3−4𝑎𝑏𝑐+8𝑎2𝑑

8𝑎3  and 𝑟 ≔
16𝑎𝑏2𝑐−64𝑎2𝑏𝑑−3𝑏4+256𝑎3𝑒

256𝑎4             [5] 

 

Likewise, the quartic discriminant must also be considered: 

 

Δ4 =
4(𝑝2+12𝑟)

3
−[2𝑝(𝑝2−36𝑟)+27𝑞2]

2

27
                 [6] 

Equations [5] are relevant in that all analytical solutions for quartic equations are expressed in 

terms of them, while the value of q determines the type of quartic equation being dealt with, whether 

bicubic or not, according to the following pair of theorems: 

 

Theorem 5. (Analytical Solutions of EBs) Yes 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0 with 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈ ℝ 

and 𝑎 ≠ 0, such that equations [5] imply 𝑞 = 0 and it is also defined 𝜉 ≔ ±1; eTherefore, the four roots 

of the equation in question are given as follows: 

 

(i) Yes 𝑝2 ≥ 4𝑟, then 𝑥 = ±√−𝑝+𝜉√𝑝2−4𝑟

2
−

𝑏

4𝑎
. 

 

(ii) Yes 0 ≤ 𝑝2 < 4𝑟, then 𝑥 =
𝜉√−𝑝+2√𝑟±√−𝑝−2√𝑟

2
−

𝑏

4𝑎
. 

 

NóteI know that, although the formula given in (i) of Theorem 5 is considered to be the general 

analytical solution of all BE, provided that equations [5] imply 𝑝2 < 4𝑟, This formula requires complex 

arithmetic; therefore, in such cases, the formula given in (ii) of the same theorem is an alternative that 

allows these cases to be solved without the need for this type of arithmetic. 

 

Theorem 6. (Analytical Solution of ECNBs) Yes 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0 with 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈
ℝ and 𝑎 ≠ 0, such that the equations [5] imply 𝑞 ≠ 0 and is also considered to be 𝜉 defined as in Theorem 

5; then, the four roots of the equation in question are given by the formula 𝑥 =
𝜉√𝑠±√𝜉𝛼𝑠−2𝑝−𝑠

2
−

𝑏

4𝑎
, 

where 𝛼𝑠 ≔ −
2𝑞

√𝑠
; while to determine a 𝑠, are defined as 𝑝∗ ≔

𝑝2+12𝑟

3
 y a 𝑞∗ ≔

2𝑝3−72𝑝𝑟+27𝑞2

27
, so Δ4 =

27𝑞∗2 − 4𝑝∗3
; therefore: 

 

(i) Si Δ4 ≤ 0, then 𝑠 = √𝑞∗

2
+ √−

Δ4

108

3

+ √𝑞∗

2
− √−

Δ4

108

3

−
2𝑝

3
> 0. 

 

(ii) Si Δ4 > 0, then 𝑠 = 2√
𝑝∗

3
cos [

1

3
arccos {

𝑞∗

2
√(

3

𝑝∗
)

3

}] −
2𝑝

3
> 0. 

 

The validity of Theorem 6 is based on the existence of the "Standard Form of the Solvable Cubic 

Equation," which is given in terms of the coefficients yielded by equations [5] as 𝑠3 + 2𝑝𝑠2 +
(𝑝2 − 4𝑟)𝑠 − 𝑞2 = 0, one of its main characteristics being that it has at least one strictly positive real 

root whenever 𝑞 ≠ 0; That is, when the quartic equation in question is non-bicubic. 

 

Thus, Theorems 5 and 6 guarantee that any quartic equation with real coefficients can be solved 

without complex arithmetic (Chávez-Pichardo et al., 2022); in the same way that Theorem 3 does for 

ECs with real coefficients, unlike the analytical methods presented in (Uspensky, 2005). On the other 

hand, there are also some particular cases of ECNBs for which there are even more efficient analytical 

solutions, which are addressed in the following theorem: 

 

Theorem 7. (Analytical Solutions of ECNBs with Multiple Roots) If 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 +
𝑒 = 0 with 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈ ℝ and 𝑎 ≠ 0, such that equations [5] and [6] imply q≠0=Δ_4; then: 

 

https://doi.org/10.3390/math10142377
https://archive.org/details/libro.-teoria-de-ecuaciones-j.-v.-uspensk
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The quartic equation in question has exactly 3 multiple roots if, and only if, 𝑝2 = −12𝑟; with its 

4 roots given as 𝑥1 = 𝑥2 = 𝑥3 = √−
𝑝

6
−

𝑏

4𝑎
≠ 𝑥4 = −√−

3𝑝

2
−

𝑏

4𝑎
, when 𝑞 > 0; y 𝑥1 = 𝑥2 = 𝑥3 =

−√−
𝑝

6
−

𝑏

4𝑎
≠ 𝑥4 = √−

3𝑝

2
−

𝑏

4𝑎
, when 𝑞 < 0. 

 

(i) The quartic equation in question has only two multiple roots if, and only if, p2>-12r; its four roots 

being given by the general formula 𝑥 =
1

2
[𝜉√𝑠1 ± √2 (𝑠2 −

𝜉𝑞

√𝑠1
)] −

𝑏

4𝑎
, where 𝑠1 =

9𝑞2−32𝑝𝑟

𝑝2+12𝑟
>

0 and 𝑠2 = −
2𝑝(𝑝2−4𝑟)+9𝑞2

2(𝑝2+12𝑟)
≠ 0, with 𝜉 defined as in Theorem 5. 

 

It should be noted that the cases addressed in Theorem 7 are not the only cases of quartic equations 

with multiple roots, as there are other cases of this type, such as those with four multiple roots, with two 

distinct pairs of multiple roots, or the bicuadratic case with only two multiple roots, which cannot be 

solved by Theorem 7 because they correspond to EB. Therefore, all of them can be easily solved by 

applying only Theorem 5. 

 

2.2. Design 

 

First of all, it should be noted that the input of the programme will be the 6 coefficients of equation [1], 

while the output, which is the product of the process carried out from those 6 coefficients, will be the 5 

roots of equation [1]; for which the following 11 steps will be carried out: 
 

Step 1: We will begin by verifying whether equation [1] corresponds to any of the following 4 

trivial cases: 

 
 

− Si 𝑓 = 0, then 𝑟1 = 0 is one of the five roots of the equation [1]. 
 

− Si 𝑎 + 𝑏 + 𝑐 + 𝑑 + 𝑒 + 𝑓 = 0, then 𝑟1 = 1 is one of the five roots of the equation [1]. 
 

− Yes 𝑎 + 𝑐 + 𝑒 = 𝑏 + 𝑑 + 𝑓, then 𝑟1 = −1 is one of the five roots of the equation [1]. 
 

− Yes 5𝑎𝑐 = 2𝑏2, 25𝑎2𝑑 = 2𝑏3 and 125𝑎3𝑒 = 𝑏4, then equation [1] can be rewritten as 

𝑎 (𝑥 +
𝑏

5𝑎
)

5

−
𝑏5

3125𝑎4 + 𝑓 = 0; Therefore, only 1 of its 5 roots is real, which is given by: 𝑟1 =

−𝑏+ √𝑏5−3125𝑎4𝑓
5

5𝑎
; while its other 4 roots are complex non-real. 

 

If equation [1] does not correspond to any of these trivial cases, then proceed to Step 2; otherwise, 

proceed to Step 5. 

 

Step 2: Theorem 1 will be applied to equation [1], provided that its six coefficients are integers; 

if this theorem finds a root t∈Q, then r₁=t will be taken. On the contrary, if equation [1] has no rational 

roots or at least one of its six coefficients is not an integer, then proceed to Step 3; otherwise, proceed to 

Step 5. 
 

Step 3: we will proceed to verify whether or not equation [1] corresponds to a case with multiple 

real roots, for which we will need to analytically solve the following quartic equation: 

 

5𝑎𝑥4 + 4𝑏𝑥3 + 3𝑐𝑥2 + 2𝑑𝑥 + 𝑒 = 0                [7] 

 
This is clearly the derivative of equation [1], so only the real critical points of this equation will 

be sought; so equation [7] will be solved if, and only if, it has at least two real roots, multiple or not, 

considering that the four critical points of equation [1] always coincide with the four roots of equation 

[7].  
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Therefore, we will begin by applying equations [5] and [6] to the coefficients of equation [7] to 

obtain the coefficients p, q, and r, and the discriminant Δ4, corresponding to this equation; additionally, 

here we will consider the polynomial function defined as 𝐹(𝑥) ≔ 𝑎𝑥5 + 𝑏𝑥4 + 𝑐𝑥3 + 𝑑𝑥2 + 𝑒𝑥 + 𝑓 

and to the midpoint of this function defined as 𝑥𝑚 ≔ −
𝑏

5𝑎
. Ergo, In this step, only the following five 

possible cases will occur: 

 

Case 1. Function F has no real critical points if, and only if, the four roots of equation [7] are 

complex non-real; this occurs when 𝑝 > 0 and 𝑝2 = 4𝑟 > 0 = 𝑞 (case with 2 pairs of multiple, complex 

non-real roots) or when Δ4 > 0 with 𝑝 ≥ 0 o with 𝑝2 ≤ 4𝑟 (case with two pairs of complex roots that 

are not real and are also non-multiple). Therefore, in this case, the polynomial function F is strictly 

increasing or decreasing (that is, 𝐹′(𝑥) ≠ 0  ∀ 𝑥 ∈ ℝ); so, without any risk, it will be taken here 𝑥0 =
𝑥𝑚 and you will immediately proceed to Step 4. 

 

Case 2. The function F has a single real critical point x_c, so in this case the function F is always 

increasing or always decreasing; this occurs if, and only if, equation [7] has four multiple roots, all equal 

to each other, or has two real multiple roots and two non-real complex roots; the first possibility is the 

particular case of the fourth trivial case in Step 1, when 3125𝑎4𝑓 = 𝑏5; Therefore, only the following 

two subcases will be considered here, where the only two real roots of equation [7] correspond to the 

only critical point of F, because they are multiple: 

 

− Biquadratic subcase with only 2 real multiple roots. This occurs if 𝑝 > 𝑞 = 𝑟 = 0, aYes, the only 

real critical point of 𝐹 will be given by 𝑥𝑐 = 𝑥𝑚; then, if 𝐹(𝑥𝑐) = 0, then equation [1] 

corresponds to a case with multiple roots, so if this occurs, it will be taken 𝑟1 = 𝑥𝑐 and proceed 

to Step 5; otherwise, define 𝑥0 ≔ 𝑥𝑐 − |𝑎| ≠ 𝑥𝑚 when 𝑎𝐹(𝑥𝑐) > 0 o 𝑥0 ≔ 𝑥𝑐 + |𝑎| ≠ 𝑥𝑚 when 

𝑎𝐹(𝑥𝑐) < 0. Please note that 𝑥0 ≠ 𝑥𝑐, since 𝑥𝑐 = 𝑥𝑚 and |𝑎| > 0. 

 

− Non-bicubic subcase with only two real multiple roots. This occurs if 𝑞 ≠ 0 = Δ4 with 𝑝 ≥ 0 

and 𝑟 > 0 or with 𝑝 < 0 and 𝑝2 ≤ 4𝑟, so the only real sticking point 𝑥𝑐 from 𝐹 will be given by 

the only two real results yielded by (ii) of Theorem 7, which are obtained when 2𝑞 =
𝜉√𝑠1(2𝑝 + 𝑠1) because both results are identical to each other. So, if 𝐹(𝑥𝑐) = 0, then 𝑟1 = 𝑥𝑐 y 

proceed to Step 5, for the same reasons as in the bicubic subcase; otherwise, define 𝑥0 ≔ 𝑥𝑐 −
|𝑥𝑚 − 𝑥𝑐| < 𝑥𝑐 when 𝑎𝐹(𝑥𝑐) > 0 o 𝑥0 ≔ 𝑥𝑐 + |𝑥𝑚 − 𝑥𝑐| > 0 when 𝑎𝐹(𝑥𝑐) < 0. Please note 

that 𝑥0 ≠ 𝑥𝑐, because (ii) of Theorem 7 guarantees that 𝑥𝑚 ≠ 𝑥𝑐. 

 

Therefore, in this case, you will always have to 𝐹′(𝑥0) ≠ 𝐹′(𝑥𝑐) = 0; Finally, proceed to Step 4 

with the assurance that there are no critical points between the only real root of equation [1] and 𝑥0, 

because of the condition 𝑎𝐹(𝑥𝑐) > 0 implies that F is increasing at the same time as 𝐹(𝑥𝑐) is above the 

x-axis or that F is decreasing at the same time as 𝐹(𝑥𝑐) is below the x-axis, so in such cases it is most 

convenient to take x_0 to the left of 𝑥𝑐, since the only real root of equation [1] is to the left of the critical 

point; whereas the most convenient for when 𝑎𝐹(𝑥𝑐) < 0 will take 𝑥0 to the right of 𝑥𝑐, because the only 

real root of equation [1] is on the right-hand side of 𝑥𝑐. 

 

Case 3. The function F has only 2 real critical points. 𝑥𝑐1 and 𝑥𝑐2, such that 𝑥𝑐1 ≠ 𝑥𝑐2; lor what 

happens if, and only if, any of the following three subcases occur in the equation [7]: 

 

− Subcase with 3 Multiple Roots. This occurs if 𝑞 ≠ 0 = 𝑝2 + 12𝑟 = Δ4, pTherefore, (i) of 

Theorem 7 will be applied to equation [7] to obtain the two critical points of 𝐹. 

 

− Subcase with two different pairs of Multiple Real Roots. This occurs if 𝑝 < 0 = 𝑞 = 𝑝2 − 4𝑟, 

pTherefore, (i) of Theorem 5 will be applied to equation [7] to obtain the two critical points of 𝐹. 

 

− Subcase with 2 Non-Multiple Real Roots and 2 Non-Real Complex Roots. This occurs if Δ4 < 0, 

so in order to obtain the 2 critical points of 𝐹, shall apply (i) from Theorem 5 to the equation [7] 

if it is bicubic, or Theorem 6 if it is not. 
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Then, if 𝐹(𝑥𝑐1)𝐹(𝑥𝑐2) = 0, then equation [1] corresponds to a case with multiple roots, in which 

case it will be taken 𝑟1 = 𝑥𝑐𝑖 if 𝐹(𝑥𝑐𝑖) = 0, with 𝑖 ∈ {1,2}, and proceed directly to Step 5; otherwise, 

consider that if 𝑝 < 0 = 𝑞 = 𝑝2 − 4𝑟, then equation [7] is of the form 𝐹′(𝑥) = 5𝑎(𝑥2 + 𝜇𝑥 + 𝜈)2 = 0, 

with 𝜇, 𝜈 ∈ ℝ such that 𝜇2 − 4𝜈 > 0, which guarantees that F is always increasing if 𝑎 > 0 or it is always 

decreasing if a<0; which in turn implies that equation [1] has a single real root provided that it is not a 

case with multiple roots. Thus, if 𝐹(𝑥𝑐1)𝐹(𝑥𝑐2) < 0, then said real root lies between the two critical 

points of F, so for this possibility it will be defined 𝑥0 ≔ 𝑥𝑚, which is the midpoint between the two 

critical points of F, according to Theorem 5. 

 

But if 𝑞 ≠ 0 = 𝑝2 + 12𝑟 = Δ4 o Δ4 < 0, then they will be defined 𝑥𝑚𝑖𝑛 ≔ min{𝑥𝑐1, 𝑥𝑐2} and 

𝑥𝑚𝑎𝑥 ≔ max{𝑥𝑐1, 𝑥𝑐2}; consequently, if 𝑎𝐹(𝑥𝑚𝑖𝑛) > 0, ethen F is increasing on the interval (−∞, 𝑥𝑚𝑖𝑛) 

and 𝐹(𝑥𝑚𝑖𝑛) is above the x-axis or F is decreasing in that interval and 𝐹(𝑥𝑚𝑖𝑛) is below the x-axis, so in 

these cases it is best to define 𝑥0 ≔ 𝑥𝑚𝑖𝑛 − |𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛| = 2𝑥𝑚𝑖𝑛 − 𝑥𝑚𝑎𝑥 < 𝑥𝑚𝑖𝑛 because equation 

[1] has a real root to the left of 𝑥𝑚𝑖𝑛, where there are no longer any critical points; but if 𝑎𝐹(𝑥𝑚𝑖𝑛) < 0, 

then the most convenient thing to do will be to define 𝑥0 ≔ 𝑥𝑚𝑎𝑥 + |𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛| = 2𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛 >
𝑥𝑚𝑎𝑥, since in this case equation [1] has a real root to the right of 𝑥𝑚𝑎𝑥, where there are no longer any 

critical points. Finally, proceed to Step 4. 

 

Case 4. Function F has 3 real critical points 𝑥𝑐1, 𝑥𝑐2 and 𝑥𝑐3, all different from each other; this 

occurs if, and only if, equation [1] has four real roots, two of which are multiple; in which case, 𝑝 < 𝑞 =
𝑟 = 0 (biquadratic case) o 𝑞 ≠ 0 = Δ4 < 𝑝2 + 12𝑟 (non-bicubic case), so for each case (i) of Theorem 

5 and (ii) of Theorem 7 will be applied, respectively, in order to find the critical points in question. Then, 

if 𝐹(𝑥𝑐𝑖) = 0 for someone 𝑖 ∈ {1,2,3}, then equation [1] corresponds to a case with multiple roots, in 

which case it will be taken 𝑟1 = 𝑥𝑐𝑖 and proceed directly to Step 5; otherwise, define 𝑥𝑚𝑖𝑛 ≔
min{𝑥𝑐1, 𝑥𝑐2, 𝑥𝑐3} and 𝑥𝑚𝑎𝑥 ≔ max{𝑥𝑐1, 𝑥𝑐2, 𝑥𝑐3}, and the same criteria will be applied at the end of 

Case 3 to define x0, which depend on whether 𝑎𝐹(𝑥𝑚𝑖𝑛) > 0 or 𝑎𝐹(𝑥𝑚𝑖𝑛) < 0, thus avoiding critical 

points between x0 and any of the real roots of equation [1]. Finally, proceed to Step 4. 

 

Case 5. Function F has 4 real critical points. 𝑥𝑐1, 𝑥𝑐2, 𝑥𝑐3 and  𝑥𝑐4, all different from each other, 

which occurs when equation [1] does not correspond to any of the four previous cases; in which case, 

Theorem 5 will be applied when equation [1] is bicubic and Theorem 6 otherwise, to obtain the four 

critical points. Then, if 𝐹(𝑥𝑐𝑖) = 0 for someone 𝑖 ∈ {1,2,3,4}, then equation [1] corresponds to a case 

with multiple roots, so it will be taken 𝑟1 = 𝑥𝑐𝑖 and proceed directly to Step 5; otherwise, define 𝑥𝑚𝑖𝑛 ≔
min{𝑥𝑐1, 𝑥𝑐2, 𝑥𝑐3, 𝑥𝑐4} and 𝑥𝑚𝑎𝑥 ≔ max{𝑥𝑐1, 𝑥𝑐2, 𝑥𝑐3, 𝑥𝑐4}, and the same criteria will be applied at the 

end of Cases 3 and 4 to define 𝑥0, thus avoiding critical points between it and any of the real roots of 

equation [1]. Finally, proceed to Step 4. 

 

Step 4: if no real roots of the 5 complex roots of equation [1] were found in Steps 1, 2, and 3, 

then Theorem 2 will be applied to it, taking a 𝑥0 as defined in any of the cases corresponding to Step 2, 

which will ensure that there are no critical points between that value and any root t∈R of equation [1]; 

thus, we have that 𝑥𝑛+1 = 𝑥𝑛 −
𝐹(𝑥𝑛)

𝐹′(𝑥𝑛)
, with the guarantee thate 𝐹′(𝑥𝑛) ≠ 0  ∀ 𝑛 ∈ ℕ. AYes, it will be 

taken 𝑟1 = 𝑥𝑘, for someone 𝑘 ∈ ℕ large enough, such that |𝐹(𝑥𝑘)| < 10−12; which will ensure that x_k 

is a very good approximation of the root t for practical purposes, after which we will move on to the next 

step. 

 

Step 5: in order to obtain the coefficients of equation [4], equations [3] will be applied with 𝑡 =
𝑟1, which has been obtained in any of the previous four steps; subsequently, in order to find the four 

missing roots that complete the set of five complex roots of equation [1], equations [5] and [6] will be 

applied to the coefficients of equation [4]; in order to obtain the coefficients , and and the discriminant 

Δ4 corresponding to this equation, which are different from those in equation [7]. Finally, we will move 

on to the next step. 
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Box 1 
 

 

Figure 1 

Flow chart of the proposed programme. 

 

Step 6: if 𝑞 = 0, then Theorem 5 is applied to obtain the four roots of equation [4] and proceed 

to Step 11; otherwise, proceed to Step 7. 

 

Step 7: if 𝑞 ≠ 0 = Δ4, then Theorem 7 is applied to obtain the four roots of equation [4] and 

proceed to Step 11; otherwise, proceed to Step 8. 
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Step 8: if 𝑞 ≠ 0 ≠ Δ4 and 𝑒1 = 0, then equation [4] is of the form 𝑥(𝑎𝑥3 + 𝑏1𝑥2 + 𝑐1𝑥 + 𝑑1) =
0, so the second root of equation [1] will be r₂ = 0 and you will proceed to Step 9; otherwise, you will 

proceed to Step 10. 

 

Step 9: the equation is solved 𝑎𝑥3 + 𝑏1𝑥2 + 𝑐1𝑥 + 𝑑1 = 0, cuyas 3 roots are the 3 missing roots 

of equation [1]; for which, if 𝑎𝑑1 = 𝑏1𝑐1 y 𝑐1 𝑎⁄ > 0, Then Theorem 4 will be applied; otherwise, Theorem 
3 will be applied. Finally, proceed to Step 11. 

 

Step 10: Theorem 6 is applied to obtain the four roots of equation [4], and we proceed to Step 11. 

 

Step 11: Finally, the results corresponding to the five complex roots of equation [1] are printed, 

or failing that, five approximations of those roots, which are sufficiently accurate for practical purposes. 

 

2.3. Implementation 

 

The procedure described in detail in the previous subsection was implemented using the Wolfram 

Mathematica programming language, based on the flowchart shown in Figure 1. 

 

2.4. Testing 

 

Figure 2 shows some screenshots of the output generated by the programme in question. 

 

Box 2 
 

 

 

Figure 2 

Examples of different EQ cases 

 

Subparagraphs (a)-(d) of Figure 2 show different cases of EQ with multiple roots, both real and 

complex non-real; while subparagraphs (e)-(h) of the same figure show different cases of EQ without 

multiple roots. Note that the programme is functional regardless of whether the coefficients entered as 

input are integers, fractions or decimals. 
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2.5. Maintenance 

 

Although this programme is already quite functional and useful, it would still be possible to implement 

several improvements in the future to make it even more efficient and accurate. This could also be 

achieved by implementing other theoretical knowledge, whether already known or not, regarding EQs. 

Therefore, the programme proposed here could be seen as the beginning of a series of programmes 

designed with increasing efficiency for solving EQs. 

 

3. Results 

 

It was observed that the programme produces results with margins of error of less than 10-12, which is 

quite acceptable for solving practical problems that require the solution of EQs. 

 

Box 3 
 

 

 

Figure 3 

Graphs of the equations shown in Figure 1 

 

Likewise, a very practical way to verify the effectiveness of the results obtained by the programme 

proposed here is to observe that they are consistent with the graphs of the polynomials associated with 

the equations it solves; so that the roots of the polynomials in question are the points where their 

respective curves intersect with the x-axis.  
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Therefore, Figure 3 shows the respective graphs of each of the EQs shown in Figure 2, showing 

that, in fact, each curve intersects the x-axis precisely at the actual results obtained by the programme, 

with each graph having a number of intersections equal to the number of actual roots of its respective 

polynomial, which visually confirms the high accuracy of the results obtained by the programme. 

 

4. Conclusions 

 

In short, the Life Cycle Methodology is designed to address and solve certain types of problems by 

computational means, in an efficient and self-sustaining manner; therefore, it is quite useful for 

computational problems such as the one presented here. Thus, despite the efficiency and functionality 

already achieved by the programme developed here and in accordance with what has already been said 

in Subsection 2.5, this programme could be further improved if a later version avoided the application of 

numerical methods to approximate the roots of some known cases of EQ that can be obtained analytically, 

such as the case of ‘De Moivre's Quintic Equation’; or implementing other known numerical methods, 

more efficient than Newton-Raphson, to solve cases of EQ that are not solvable by radicals, such as the 

secant method or others. Other compelling elements could also be added to the output, such as graphs in 

the style of Figure 3, which make the results obtained by the programme even more evident. 
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