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Abstract 

 

The present experimental research refers to an-R&R 

study with the use of non-magnetic coating thickness 

measuring equipment on metal plate surface type 

analyzing the results in software that allows to 

demonstrate the reliability of measurements by the 

quality inspectors, using the intentional non-

probabilistic sampling technique, choosing one piece 

per batch. An important study through equipment to 

measure non-magnetic coating on ferrous material 

parts, which allows to determine the effectiveness of 

the company through the measurement and control of 

specifications required by standard, detecting areas 

of opportunity in the process (the measurement 

system fails with operators or equipment failure or 

coating variability on the part). Therefore, each piece 

analyzed is described with its numerical data of 

thickness measurements through tables and graphs. 

By which, allows to compare the competencies of the 

staff according to the type of material and the work 

environment where each experimental study was 

developed. 
 

Operators, Variability, Experimental 

 

Resumen 

 

La presente investigación experimental hace referencia a 

un estudio R&R con el uso de equipos de medición de 

espesor del recubrimiento no magnético en superficie de 

tipo placa metálica analizando los resultados en software 

que permita demostrar la confiabilidad de las mediciones 

por los inspectores de calidad, utilizando la técnica de 

muestreo no probabilístico intencional, eligiendo una 

pieza por lote. Un estudio importante a través de los 

equipos para medir el recubrimiento no magnético en 

piezas de material ferroso, que permite determinar la 

efectividad de la empresa a través de la medición y control 

de las especificaciones requeridas por norma, detectando 

áreas de oportunidad en el proceso (el sistema de medición 

falla con los operadores o falla de equipo o variabilidad 

del recubrimiento en la pieza). Por lo tanto, se describe 

cada pieza analizada con sus datos numéricos de medidas 

de espesor a través de tablas y gráficos. Por el cual, permite 

comparar las competencias del personal de acuerdo con el 

tipo de material y con el ambiente laboral donde se 

desarrolló cada estudio experimental. 
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1. Introduction 

 

An experimental study comprising ten 120-liter 

stationary LP gas tanks, seven steel beams and 

sixty-two "Y" type angles. 

 

The thickness of the galvanized coating 

determines the quality of the piece, the thicker it 

is, the higher the quality will be, according to 

ASTM A123/A123M, the minimum thickness is 

1.4 thousandths of an inch (the galvanized 

coating is usually between 1.4 and 3.9 

thousandths of an inch), depending on the grade 

of the galvanized coating. 9 thousandths of an 

inch), depending on the grade of coating applied 

and also taking care of the customer's own 

specifications as some require more or less 

thickness; and according to ISO 2063-1:2018 for 

metallized coating or galvanized by 

thermorrhosted (thermal spraying), the 

recommended minimum thickness of metallized 

is 2.5 thousandths of an inch extending up to 14 

thousandths of an inch. 

 

The systematic measurement of coating 

thickness controls material costs, rework or 

rework of the part, manage the efficiency of the 

application and also the fulfillment of contracts 

made with customers. 

 

2. Description of the research 

 

The area of study involves the infrastructure of 

the Hot Dip Galvanizing production line 

involving Production and the head of the quality 

department, to select the parts to be inspected 

according to the batch size by number of parts. 

 

The process consists of immersing the 

part in a vat-crisol with molten zinc, thus 

forming a protective layer of Zinc-Iron alloy, the 

thickness of the part depends on factors such as 

chemical composition, geometry, design, 

surface condition, and others by the zinc coating. 

 

Also, the metallizing process, in 

collaboration with production and the head of 

the quality department, selects the parts to be 

inspected according to the size of the lot by 

number of pieces or by quantity of square meters 

as considered. The metallizing wire used 

consists of an alloy of 85% zinc and 15% 

aluminum. 

 

 

 

Thermal sputter plating coats steel and 

other metal parts by supersonic spraying of 

molten microdroplets of zinc, aluminum and 

zinc-aluminum alloys using a gas or electric gun. 

 

The non-magnetic coating thickness 

measuring equipment on ferrous substrate 

(Positector 6000) is used to obtain the thickness 

of the galvanized or metallized coating. The 

operators will take their respective readings on 

the same selected points on the part and average 

the measurements, and a different piece of 

equipment is used on each production line. 

 

As software, Minitab, an R&R study 

worksheet of the measurement system is created, 

once the worksheet is created, the name of each 

operator and the number of times the 

measurements will be taken on the selected parts 

are entered. Subsequently, the thickness 

measurements obtained by each of the operators 

in charge of the measurement are recorded and 

the R&R study is performed, in this case the 

crossed system will be selected since the 

thickness measurements by magnetic induction 

will not destroy the parts and these will be used 

for other tests. And as a reference for coating 

thickness tests, we have the development of the 

analysis of the influence of parameters in 

magnetic tests (Syasko et al., 2020). 

 

A 50 cm x 50 cm steel plate of 5/16" 

thickness is used, metallized on one side, where 

half of the plate is only metallized and the other 

half has a sealant (vinyl epoxy coating), for its 

protection and to delay its reaction with the 

environment. 

 

The use of this plate is for a 

representation of an ideal case where reference 

areas of 1 dm2 can be traced, within each 

reference area five squares of 1 cm2 are traced, 

in these squares 3 measurements are taken and 

the average of each of the squares is obtained, 

this for the thickness measurement as indicated 

by ISO 2063-1: 2018 (for plating application), 

and five circles of 4 cm in diameter where three 

punctual measurements will be taken and the 

average of each of the drawn circles is obtained 

as indicated in the SSPC-PA2 standard (for 

application of sealer type paint). 
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As certified coated metal plates, they are 

used to verify the accuracy and performance of 

coating thickness gauges and are an important 

component in meeting the quality control 

requirements of the company's standardized 

requirements. These plates are DeFelsko 

branded and have a package of 4 round bases 

each coated with a different thickness, the plates 

are ideal for the verification of the Positector 

6000, the equipment used in the project. 

 

The sample used was a stationary LP gas 

tank of 120 liters, horizontal model and with an 

area of 1.7 m2. In this tank, 20 thickness 

measurements were taken and the average 

thickness was obtained in thousandths of an 

inch. 

 

As a structural sample, a "Y" type angle 

of ¼" x 1 ½", which will be taken to measure in 

a specimen according to ASTM 123/A123M-17 

standard. 

 

Also, a beam measuring 14" x 8" x 12.20 

m, which will be analyzed in representation of 

thickness measurement for a multi-specimen 

item as per ASTM 123/A123M-17. 

 

Methodology 

 

The stages of the R&R study for non-magnetic 

coating thickness gauges on ferrous substrates is 

indicated in Figure 1, and its respective 

description of each element (Otzen & Manterola, 

2017), consists of: 

 

a) Selection of two operators. 

b) Determination of a significant number of 

pieces to be measured according to the 

batch size. 

c) Random selection of parts from the 

batch. 

d) Recording of galvanized and metallized 

thickness measurements with the 

measuring equipment on the selected 

parts. 

e) Recording of the data obtained in the 

software. 

f) Analysis of the tables and graphs. 

g) Development of the conclusions of the 

study. 

 

 
 
Figure 1 Methodology scheme 

Source: Own Elaboration 

 

In the selection of operators, the study 

site has a crew of 4 quality inspectors, by 

production are distributed in each shift, 

therefore, the present study includes results of 

four, three or two quality inspectors, who 

constantly take the thickness of both the 

galvanized or metallized area, for the 

measurement of the thickness of each of the parts 

selected in a random order, and validation of the 

measurement system. 

 

In the software "Minitab" the ANOVA 

method will be used for the statistical analysis of 

the measurement system will be executed with a 

total of three replicates, i.e., each operator must 

obtain the total thickness of the selected parts on 

three occasions. 

 

The waiting time between each replicate 

is 20 minutes, so that the operator does not 

remember the previous results and generate 

reliable data. 

 

Laboratory measurement: It is 

considered necessary to first analyze the 

equipment at laboratory level for the metallized 

area due to the conditions that present the piece 

and that make impossible the measurement by 

the method mentioned in the ISO 2063-1: 2018 

and SSPC-PA2 standards, the sample is a steel 

plate with dimensions of 50x50 cm, metallized 

on one side and coated with sealant in the 

middle. 

 

In the metallized area of the plate, the 

average thickness of each of the reference areas 

is analyzed and in the area with sealant, the 

average thickness of each reference circle is 

analyzed, each circle or reference area has a 

diameter of 4 cm, and 3 point measurements are 

performed for averaging. 

 

Operator 
selection

Parts selection

Number of 
replicas

Waiting time

Measurement 
method
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Field measurement: In the plating 

production line, a stationary LP gas tank was 

used as a sample, with 20 thickness 

measurements, in 3 repetitions in the metallized 

section only and with sealer. 

 

In the galvanizing production line, the 

measurement method is through the ASTM 

A123/A123M-17 specification. Pieces with an 

area equal to or less than 160 in2 (100,000 mm2) 

will be considered as single specimen items and 

items larger than 160 in2 (100,000 mm2) will be 

divided into three specimens and considered as 

multi-specimen. 

 

Representation of results 

 

Each R&R study contains the following tables 

and graphs generated by Minitab: 

 

 Tables 

 Two-factor ANOVA table with 

interaction. 

 Two-factor ANOVA table without 

interaction (obtained depending on 

whether the interaction value is 

considered significant or not). 

 Variance components table. 

 Measurement system evaluation table. 

 

Graphs 

 

 Variance components chart 

 Graph of ranges by Operators. 

 Graph of x ̅ bar by Operators. 

 Thickness plot by Parts 

 Thickness plot by Operators 

 Parts * Operators interaction graph 

 

As acceptance parameters, in statistical 

process control (SPC), if it is a total variation of 

less than 10% the measurement system will be 

considered acceptable, between 10% and 30% 

can be considered acceptable and the decision to 

use it will depend on several factors such as the 

cost of the measurement instrument, cost of 

instrument repair, cost of training, etc., and for a 

percentage of more than 30% the system is 

unacceptable and it is required to identify and 

correct the problem. 

 

Interpretation of variables / formulas 

 

The sum of squares (SS) is the sum of the 

squared distances and represents a measure of 

the variability that is caused by different sources.  

The SStotal indicates the variability of the 

data obtained from the overall mean and is 

interpreted as follows: 

 

SS total = SS part + SS operator + SS operator x part + SS equipment (1) 

 

Degrees of freedom (DOF), which is 

used to measure how much information is 

available for each SC (sum of squares). 

 

Mean squares (MS), which represents 

variability in the data caused by different sources 

and the fact that these different sources have 

different values. 

 

CM = MS/DOF                                                (2) 

 

The statistic (F), which is used to 

determine whether the operator, part or 

operator* part effects are significant. The larger 

the value of the F statistic the more likely the 

factor is to contribute to the variability in the 

response. 

 

The P-value is the probability of obtaining an F-

statistic. 

 

If P < α, then at least one mean is statistically 

different. 

 

If P > α, then the means are not significantly 

different. 

 

The variance components (CompVar), 

obtained from each source in an ANOVA table. 

If the greatest amount of variation is between 

repeatability and/or reproducibility, the problem 

should be investigated and corrective action 

taken. 

 

The percentage of the total variation 

(%Contribution (from CompVar), which 

corresponds to each component of the variance. 

If the greatest amount of variation is between 

repeatability and/or reproducibility, the problem 

should be investigated and corrective action 

taken. 

 

Standard deviation for each source of 

variation (Std. Dev. SD) 

 

The study variation (Study Var.; 6 x SD), is 

calculated with the standard deviation multiplied 

6 times. It is usually defined as 6s denoted by σ 

or sigma. 
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The percent variation (%Var. Study; 

%VE), of the study is calculated as the standard 

deviation for each variation, divided by the total 

variation and multiplied by one hundred. 

 

%VS = (SD / Total variation) 𝑥 100                (3) 

 

It is used to compare the variation of the 

measurement system with the total variation. 

The number of distinct categories is a metric 

used in measurement system R&R studies to 

identify the ability of a measurement system to 

detect a difference in the measured 

characteristic, the recommended number of 

distinct categories is 5. 

 

Background of R&R studies 

 

The paper "Repeatability and Reproducibility in 

Steel Pipe Thickness Measurements for 

Ferroproduct" presents a cross-type R&R 

analysis (for non-destructive testing) to study the 

system used to measure the thickness of steel 

pipes used by the company. The objective of the 

study was to determine if the measurements 

made by the team of four inspectors were 

accurate. 

 

The results obtained determined that the 

main source of variation was the steel pipes, and 

also showed that the measurement system used 

was unacceptable and should be corrected, since 

the index of the Gage R&R gauge was 31.75% 

when the maximum allowed is 30% (Escamilla, 

et al., 2020). 

 

As in the case of measurement 

uncertainty in the measurement operations of a 

laboratory. It is indicated in literature that, under 

conditions of Repeatability is understood as the 

closeness of agreement between the results of 

successive measurements of the same 

measurand under the same measurement 

conditions, which include the same 

measurement procedure, the same observer, the 

same measuring instrument, used under the same 

conditions, the same place and with repetition in 

a short period of time. And, the reproducibility 

of the method can be estimated on the basis of 

results obtained when it has been used to analyze 

identical results when it has been used to analyze 

identical test portions in different laboratories 

using different equipment.  

 

 

 

Internal reproducibility is then 

understood as the concordance of results when 

the analyses are carried out in the same 

laboratory, using the same method, but 

performed at different times by different 

analysts, using, for example, different batches or 

reagents (Perdomo et al., 2007). 

 

With reference to the "Statistical model 

of R&R measurement in the weighing of order 

picking products in a distribution center", it is an 

article that presents the adaptation of a statistical 

model of R&R to measure the accuracy in 

weighing systems in a distribution center. 

 

The model starts with the selection of 

two or more operators who will measure at least 

ten randomly selected orders with the scale or 

weighing equipment, then the number of times 

the order will be measured is decided and the 

order in which each order will be measured is 

randomized, and finally the model is presented 

(Gómez, 2013). 

 

The study, "application of the R&R 

method to determine the influence of the 

operator in the measurements made with a 

coordinate measuring arm", shows the 

methodology required to know what influence 

the operators have in the measurement when 

using a coordinate measuring arm, also known 

as "CMM". A coordinate measuring arm is a 

device that measures the geometries of physical 

objects and uses a probing system to detect 

discrete points on the surface of objects. 

 

The paper presents the measurements 

taken by three operators on ten parts. 

STATISTICA software was used to analyze and 

visualize the measurement data (Jurkowski, 

2019). 

 

The work, the "analysis of the quality of 

measurements in the laboratory process" is a 

work carried out with R&R studies for the 

knowledge of the quality of measurements in the 

quality laboratory of a cement industry. A total 

of two R&R studies are presented, one 

performed for a Blaine (measuring equipment 

for cement fineness) and the second for 

measurements for chemical analysis test. Both 

studies were performed by the ANOVA-

crossover method (for non-destructive testing) 

using three operators and ten parts, repeating on 

three occasions,  
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See also, the contribution of the 

statistical analysis of the global solar radiation in 

Cúcuta using the ANOVA model (Bastos, 2021). 

 

The R&R studies performed show a 

favorable result for the laboratory of that cement 

industry since both obtained a percentage of 

tolerance (P/T) between 10% and 20%, so it is 

considered acceptable (Lopez, Mazaira et al., 

2018). 

 

The "ANOVA method used to perform 

the repeatability and reproducibility study within 

the quality control of a measurement system" is 

an article from the journal Scientia et Technica 

in which the ANOVA method is developed step 

by step in a Repeatability and Reproducibility 

(R&R) study and for a better demonstration two 

examples are elaborated. And, it is concluded 

that, in any type of process, the R&R study 

serves to calculate its variability and detect when 

it is operating in abnormal conditions and thus to 

carry out a corrective action plan to return the 

system to good conditions (Botero et al., 2007). 

 

However, for Montgomery (2004), the 

variability of a process can be due to random 

causes and assignable causes. Random or 

common causes correspond to the cumulative 

effect of many unavoidable and small causes; 

they originate from raw material variability, 

different machinery, different labor efficiency; 

they define a stable system of variability causes 

(Orlandoni, 2012). 

 

In "Repeatability and reproducibility in 

the quality assurance of measurement processes" 

the importance of correctly analyzing a 

measurement system in the measurement and 

manufacturing processes is taken into account. 

The work elaborates in detail the application of 

an R&R study using the method of averages and 

ranges to assure the quality of the measurements 

of gauges used in the internal diameter in articles 

of the Metrology Laboratory of Planta Mecánica 

de Camagüey. 

 

The results of the study show a 

repeatability higher than the reproducibility due 

to the variability that exists between the pieces 

that were measured and that was mainly 

originated by the manufacturing process 

(Portuondo & Portuondo, 2010). 

 

 

 

The "procedure for the analysis of 

repeatability and reproducibility in 

manufacturing processes" is an R&R study of a 

manufacturing system taking into account the 

dimensions of the manufactured parts. 

 

The study makes use of the method of 

means and ranges since it is the most widely 

implemented in measurement systems. 

Therefore, the results present stability in the 

manufacturing system so the method of means 

and ranges can be used in the analysis of these 

systems (González & Falcón, 2015). 

 

Theoretical study of R&R 

 

The R&R is a study in which repeatability and 

reproducibility can be evaluated simultaneously, 

and evaluates that part of the total variability, 

which was observed during the process is related 

to the measurement error and is performed 

experimentally. 

 

In the repeatability of measurement 

results, the closeness of agreement between the 

results of successive measurements of the same 

measurand (part) under the same measurement 

conditions. 

 

Repeatability in the measurement system 

consists of the accuracy or variability under as 

controlled conditions as possible. It is defined as 

the variation with respect to the mean, this 

variation must be small in relation to the process 

specifications. 

 

Reproducibility of measurement results: 

The closeness of agreement between the results 

of successive measurements of the same 

measurand (part) under changing measurement 

conditions (International Vocabulary of 

Metrology, 2012). 

 

Such information is interpreted below in 

the equations: 

 

σ2R&R = σ2repeatability + σ2reproducibility (1) 

 

σ2repeatability = σ2equipment and 

σ2reproducibility = σ2operator                         (2) 

 

As an application, the use of 

interindividual variability and reproducibility of 

three methods, as the purpose of the reference 

study, is that interindividual variability was 

analyzed after standardization of the results.  



7 

Article                                     Journal of Quantitative and Statistical Analysis 
        June, 2023 Vol.10 No.26 1-21 

 

  ISSN 2410-3438 

ECORFAN® All rights reserved 
RAMÍREZ-ROMÁN, Adolfo, CHABAT-URANGA, Jacqueline, 
RODRÍGUEZ-RODRÍGUEZ, Luis Alberto and SUÁREZ-ÁLVAREZ, 

Ángel. Factors repeatability and reproducibility in the thickness of the 

non-magnetic coating. Journal of Quantitative and Statistical Analysis. 

2023 

The coefficient of variation was used to 

measure the variability between tests and 

Pearson's coefficient was used to analyze the 

correlation between variables (Sánchez-Garcia, 

2013). 

 

Methods for conducting the R&R study 

 

The short method quickly evaluates the 

variability of the measurement system. With this 

method it is impossible to evaluate separately the 

repeatability and reproducibility, in this study 

both appear mixed or homogeneously. The steps 

to perform the study are as follows: 

 

a) Select two or more operators who will 

perform the task of taking measurements 

on the object(s) with the measuring 

equipment to be studied. 

 

b) Each object chosen will be measured 

only once by each operator. 

 

c) Label and randomize the order in which 

the parts will be measured by the 

operators. 

 

d) Identify the point where the object will 

be measured and the technique to be 

applied. 

 

e) Perform the analysis of the data obtained. 

 

The long method allows to evaluate 

repeatability and reproducibility separately, 

unlike the short method, which is unable to 

evaluate repeatability and reproducibility 

heterogeneously, to be performed it is necessary 

to carry out the following steps for each 

measuring equipment to be evaluated. 

 

a) Select two or more operators who will 

perform the task of taking measurements 

on the object(s) with the measuring 

equipment to be studied. 

 

b) Select ten or more parts for each 

operator, who will take the 

measurements repeatedly. 

 

c) Decide the number of times each 

operator will measure the same part (at 

least two repetitions). 

 

d) Label and randomize the order in which 

the parts will be measured by the 

operators. 

e) Obtain the results of operator A and then 

the results of operator B, and so on until 

all operators have made their 

measurements in the first repetition. 

 

f) Repeat the previous step until the number 

of repetitions is completed. 

 

g) Perform the analysis of the data obtained. 

 

The analysis of the measurement system 

by means of the long method decomposes the 

total variability of the system into three factors; 

product, instrument and operator variability. 

This relationship is represented as follows in the 

equation: 

 

σ2total = σ2part + σ2operator + σ2instrument (3) 

 

The method of means-ranges, makes 

possible the analysis to the measurement system 

in a heterogeneous way, i.e., it is able to analyze 

separately reproducibility and repeatability. 

 

This method makes it possible to 

pinpoint the influence of operators and 

equipment on the stability of the system based 

on a processing of data obtained and classified 

according to the measuring instruments, the 

measurements assessed and the operators 

executing the measurements (González & 

Falcón, 2015). 

 

Gutiérrez and de la Vara (2009), mention 

that in order to carry out the mean-range method 

the following must be performed: 

 

a) Calculate the range of the measurements 

taken by each operator for each piece. 

 

b) Calculate the mean of the ranges of each 

operator and the mean of all the 

measurements taken by the same 

operator. 

 

c) Obtain the mean of the mean of the 

ranges and the range of the means. 

 

R̅ = ( R̅1+R̅2+⋯+R̅n ) / n               (4) 

 

RX = Xmáx – Xmín                      (5) 

 

d) Calculate the upper limit. If any range is 

greater than the limit, it will be a sign that 

the corresponding measurement is out of 

the usual. 
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e) Calculate the expanded variation of the 

equipment. 

 

f) Calculate the operator's expanded 

variation. 

 

g) Determine the expanded measurement 

error due to repeatability and 

reproducibility. 

 

h) Calculate the precision/tolerance index. 

 

i) Calculate the precision index/total 

variation. 

 

j) Calculate the number of different 

categories. 

 

k) Detect where the error comes from and 

investigate the possible causes of the 

error. 

 

The analysis of variance method 

(ANOVA) was designed by R.A. Fisher in the 

early 1920s to compare the means of two or more 

populations (Robles). This method consists of 

decomposing the variation in the data into 

internal or natural variation that exists within 

groups and the variation between groups of 

means (Tobarameekul et al., 2022). 

 

The ANOVA method is considered the 

most accurate when performing an R&R study 

to the measurement system since it has 

advantages such as: 1) variances estimated with 

greater accuracy and 2) greater information 

obtained in the results (Escalante, 2005). 

 

Also, it uses all the resources of the long 

method for an R&R study except that it 

considers the variance of four factors, as shown 

in the equation: 

 

σ2total = σ2part + σ2operator + σ2operator × part 

+ σ2team                                                            (6) 

 

The factor σ2operator × part is added to 

that shown in equation (2) forming part of the 

reproducibility and remaining as follows: 

 

σ2repeatability = σ2equipment and 

σ2reproducibility = σ2operator + σ2operator × 

part                                                                    (7) 

 

 

The R&R study by attributes, evaluates 

the stability of the measurement process based 

on evaluations already performed by inspectors 

where they classify parts into few categories 

(e.g., accepted or rejected). 

 

The risk analysis method, in this study a 

given number of operators analyze the number 

of selected parts in turn by classifying them into 

a discrete binary code; 1 equals = accepted, 0 = 

rejected. 

 

The signal theory method, according to 

Gutierrez and de la Vara (2009), the objective of 

signal theory is to obtain the average width of 

uncertainty zones that appear around each 

specification. Signal theory is applied to the 

same types of data as in the previous study. This 

method is used when certain parts fall close to a 

control limit and therefore run the risk of not 

being analyzed in the same way by all operators 

who can accept or reject the part. 

 

With the analytical method, a certain 

number of parts that have been evaluated several 

times are studied and the number of times each 

part is accepted is recorded. A method that 

requires continuous reference values for the 

parts and that they cover the entire range, from 

the one that is rejected every time, to the one that 

is accepted every time, and in the intermediate 

zone there should be at least six parts where 

some are rejected and some are accepted. 

 

The method for destructive testing refers 

to when the object can only be measured once, 

since it is somehow destroyed. In this method, 

what must be done is to split the part into the 

portions needed so that each assigned operator 

can measure at least two fragments of the part 

(Gutiérrez & de la Vara, 2009). This method 

makes it impossible to perform an R&R study in 

the traditional way because the parts are affected 

in the process. 

 

According to the statistical process 

control (SPC), the following aspects must be 

taken into account when collecting data for this 

method (Grupo Consultor SPC, 2022): 

 

 The pieces that represent each batch 

should be as similar as possible and 

should be at least nine consecutive pieces 

so that the variation is not so affected. 
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 Collect the pieces from the different 

batches at different times so that the 

variation between the pieces in the 

batches is as large as possible. 

 

 To those in charge of observing the parts, 

present them in random order and not in 

the order in which they were produced. 

 

 Samples of parts should be taken at 

different times. 

 

5. Results 

 

The results comprise the evidence from the 

analysis of the measurements of the steel plate, 

stationary tank and Y-angle structure samples. 

 

R&R for steel plate (metallized zone only) 

 

Study carried out on October 12, 2022 with two 

operators (only two of them were working in the 

day shift) and with the equipment internally 

identified as E-052, which is used for thickness 

measurement in the Plating Production Line. 

 
Source GOF SS MC F P 

Parts 4 4,75301 1,18825 47,5 0,001 

Operators 1 0,00065 0,00065 0,02 0,879 

Parts * 

Operators 
4 0,09995 0,02499 1,17 0,352 

Repeatability 20 0,42587 0,02129 

Total 29 5,27948 

α to eliminate the interaction term = 0.05 

 
Table 1 Two-factor ANOVA with interaction 

Source: Own Elaboration, Minitab 19 

 
Source GOF SS MC F P 

Parts 4 4,75301 1,18825 54,2 0,000 

Operators 1 0,00065 0,00065 0,02 0,864 

Repeatability 24 0,52581 0,02191 

Total 29 5,27948 

 
Table 2 Two-factor ANOVA without interaction 

Source: Own Elaboration, Minitab 19 

 

In Table 1 the interaction of 

Parties*Operators does not have a significant P-

value (0.352) so Table 2 is created where the 

mentioned interaction is omitted for the study. 

 

 

 

 

 

 

 

 

R&R of the measurement system 

 
Source CompVar Contribution (of 

CompVar) 

Gage R&R total 0,021909 10,13 

Repeatability 0,021909 10,13 

Reproducibility 0,000000 0,00 

Operators 0,000000 0,00 

Part to Part 0,194391 89,87 

Total variation 0,216300 100,00 

 
Table 3 Variance components 

Source: Own Elaboration, Minitab 19 

 
Source Standard 

deviation 

(SD) 

Study 

var. (6 × 

SD) 

%Var. 

study 

(%VE) 

Gage R&R 

total 
0,148017 0,88810 31,83 

Repeatability 0,148017 0,88810 31,83 

Reproducibility 0,000000 0,00000 0,00 

Operators 0,000000 0,00000 0,00 

Part to Part 0,440898 2,64539 94,80 

Total variation 0,465080 2,79048 100,00 

Number of different categories = 4 

 
Table 4 Evaluation of the measurement system 

Source: Own Elaboration, Minitab 19 

 

Table T3 shows the percentage of 

contribution that the variance has, in this case a 

total of 10.13% for the total Gage R&R, the 

percentage is slightly high, since the maximum 

recommended is 10%, after this in Table T04 it 

can be observed in "%Var. Study" that the total 

Gage R&R is 31.83%, so the measurement 

system used for the object is unacceptable. 

 

 
 
Graph 1 Variation components 

Source: Own Elaboration, Minitab 19 

 

Graph 1 shows in the form of bars, the 

data obtained in tables 3 and 4 of the 

"%Contribution" and "%Var. Study". 
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Graph 2 Rank by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 2 represents the ranges of the 

measurements obtained by the operators in the 

three replicates of the study where operator D 

has more control over its measurements with 

respect to operator A, since its variation in the 

measurement of each replicate tends to be more 

controlled, however, despite these variations 

both operators have a similar behavior in terms 

of the thickness of each reference area analyzed 

as shown in graph 3. 

 

 
 
Graph 3 Xbarra by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 4 shows each of the measurements 

obtained by the operators with respect to the 

analyzed part. The operators had problems to 

measure parts 2 and 3 mainly, since the points 

are very dispersed with respect to the average 

with high and low thicknesses that start 

approximately from 2.1 thousandths of thickness 

to 2.8 thousandths of thickness for part 2 and 

from 2.7 to 3.3 thousandths for part 3. 

 

 
 
Graph 4 Thickness by parts 

Source: Own Elaboration, Minitab 19 

 

In Graph 05. Each of the obtained 

thicknesses is indicated, the following graphs of 

the same type are illustrated with a Whisker Box. 

 

 
 
Graph 5 Thicknesses by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 5 is a Box and Whiskers plot 

showing the variation of the thickness of the 

operators. Operator A has a longer Whisker and 

a larger Box with respect to operator D, so 

operator A had a greater variation in its 

measurements, it is also observed that between 

them there is not much difference in their 

measurements since the line that joins the two 

boxes is not with much inclination. 

 

And, in graph 6 the interaction of the 

operators is observed and the behavior they had 

with each measured part is analyzed in a better 

way, in this graph the operators only managed to 

coincide in part 1, while in the others they 

obtained a different measure of thickness. 

 

 
 
Graph 6 Interaction parts by operators 

Source: Own Elaboration, Minitab 19 
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R&R for steel plate (sealer coated area) 

 

Study carried out on October 17, 2022 with the 

four available operators and with the equipment 

internally identified as E-052 and used for 

thickness measurement of the Plating Production 

line. 

 
Source GL SC MC F P 

Parts 4 14,75 3,689 28,55 0,00 

Operators 3 0,160 0,053 0,414 0,74 

Parts * 

Operators 

12 1,550 0,129 1,872 0,06 

Repeatability 40 2,760 0,0690 

Total 59 19,2298 

α to eliminate the interaction term = 0.05 

 
Table 5 Two-factor ANOVA with interaction 

Source: Own Elaboration, Minitab 19 

 
Source GL SC MC F P 

Parts 4 14,75 3,68975 44,51 0,00 

Operators 3 0,160 0,05350 0,645 0,58 

Repeatability 52 4,310 0,08289 

Total 59 19,2298 

 
Table 6 Two-factor ANOVA without interaction 

Source: Own Elaboration, Minitab 19 

 

In Table 05 the interaction of 

Parties*Operators does not have a significant P-

value (0.746) so Table 06 is created where the 

mentioned interaction is omitted for the study. 

 

R&R of the measurement system 

 

Table 07 shows the percentage of contribution 

that the variance has, in this case a total of 

21.62% for the total Gage R&R which is too 

high a value, since the maximum recommended 

is 10%, after this in Table 08 it can be observed 

in "%Var. Study" that the total Gage R&R is 

46.49%, so the measurement system used for the 

object is unacceptable. 

 
Source CompVar %Contribution 

(of CompVar) 

Gage R&R total 0,082891 21,62 

Repeatability 0,082891 21,62 

Reproducibility 0,000000 0,00 

Operators 0,000000 0,00 

Part to Part 0,300572 78,38 

Total variation 0,383463 100,00 

 
Table 7 Variance components 

Source: Own Elaboration, Minitab 19 

 

 

 

Source Standard 

deviation 

(SD) 

Study 

var. (6 × 

SD) 

%Var. 

study 

(%VE) 

Gage R&R total 0,287908 1,72745 46,49 

Repeatability 0,287908 1,72745 46,49 

Reproducibility 0,000000 0,00000 0,00 

Operators 0,000000 0,00000 0,00 

Part to Part 0,548244 3,28946 88,53 

Total variation 0,619244 3,71546 100,00 

 
Table 8 Evaluation of the measurement system 

Source: Own Elaboration, Minitab 19 

 

Graph 07 shows, in the form of bars, the 

data obtained in tables 03 and 04 for 

"%Contribution" and "%Var. Study". 

 

 
 
Graph 7 Variation components  

Source: Own Elaboration, Minitab 19 

 

Graph 08 presents problems in the 

operators at the moment of repeating the 

thickness that they obtained previously, their 

ranges have a lot of variety, mainly in operators 

A and B, and operator D is the one that presents 

better results based on the ranges. Likewise, they 

present the same behavior with respect to the 

parts as detailed in graph 09. 

 

 
 
Graph 8 Rank by operators 

Source: Own Elaboration, Minitab 19 
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Graph 9 Xbarra by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 10 shows each of the 

measurements obtained by the operators with 

respect to the analyzed part. The operators 

presented more problems to measure parts 1 and 

5, the box they present is of large size and they 

have a very long mustache; it can also be noted 

that parts 3 and 4, despite being the most 

controlled by the operators, each one has an 

atypical value with respect to the average. 

 

 
 
Graph 10 Thicknesses by parts 

Source: Own Elaboration, Minitab 19 

 

Graph 11 is a Box and Whiskers plot 

showing the variation of the thickness of the 

operators. All the operators presented a high 

variation in the thicknesses obtained from the 

analyzed part and where the best result is 

obtained by Operator A. 

 

 
 
Graph 11 Thicknesses by operators 

Source: Own Elaboration, Minitab 19 

Graph 12 shows the interaction of the 

operators and analyzes in a better way the 

behavior they had with each measured part, in 

this graph confirms what was previously said, 

the operators present between each one of them 

a greater variation in their measurements in parts 

1 and 5 and a small variation in parts 3 and 4. 

 

 
 
Graph 12 Interaction parts * operators 

Source: Own Elaboration, Minitab 19 

 

R&R for stationary LP gas tank (metallized) 

 

Study carried out on October 28, 2022 with the 

four available operators and with the equipment 

internally identified as E-052 and used for 

thickness measurement of the Plating Production 

line. In Table 9 the interaction of 

Parts*Operators has a P value that significant 

(0.00) so the table without interaction is not 

elaborated by Minitab 19 since it has a value less 

than α. 

 
Source GL SC MC F P 

Parts 19 198,507 10,44 47,110 0,00 

Operators 3 0,161 0,053 0,242 0,86 

Parts * 

Operators 

57 12,641 0,221 5,953 0,00 

Repeatability 160 5,960 0,0372 

Total 239 217,270 

α to eliminate the interaction term = 0.05. 

 
Table 9 Two-factor ANOVA with interaction. Source: 

Own Elaboration, Minitab 19 

 

R&R of the measurement system 

 

Table 10 shows the percentage of contribution 

that the variance has, in this case a total of 

10.39% for the total Gage R&R which is a little 

high value, since the maximum recommended is 

10%, after this in Table 11 it can be observed in 

"%Var. Study" that the total Gage R&R is 

32.23%, so the measurement system used for the 

object is unacceptable. 
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Source CompVar %Contribución 

(de CompVar) 

Gage R&R total 0,098758 10,39 

Repeatability 0,037250 3,92 

Reproducibility 0,061508 6,47 

Operators 0,000000 0,00 

Operators*Parts 0,061508 6,47 

Part to Part 0,852166 89,61 

Total variation 0,950923 100,00 

 
Table 10 Variance components 

Source: Own Elaboration, Minitab 19 

 
Source SD (SD) Var. study 

(6 × SD) 

%Var. 

study 

(%SV) 

Gage R&R total 0,314257 1,88554 32,23 

Repeatability 0,193003 1,15802 19,79 

Reproducibility 0,248007 1,48804 25,43 

Operators 0,000000 0,00000 0,00 

Operators*Parts 0,248007 1,48804 25,43 

Part to Part 0,923128 5,53877 94,66 

Total variation 0,975153 5,85092 100,00 

Number of different categories = 4 

 
Table 11 Evaluation of the measurement system 

Source: Own Elaboration, Minitab 19 

 

Graph 13 shows, in the form of bars, the 

data obtained in Tables 03 and 04 for 

"%Contribution" and "%Var. Study". 

 

 
 
Graph 13 Variation components 

Source: Own Elaboration, Minitab 19 

 

Graph 14 shows problems in the 

operators at the moment of repeating the 

thickness obtained previously, their ranges have 

a lot of amplitude, mainly in operators A and D 

that even have data outside the upper control 

limit and operator C is the one that presents 

better results based on the ranges since a better 

control is observed in its measurements. 

 

 
 
Graph 14 Range by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 15 shows the different values 

obtained by each of the operators in the three 

replicates carried out, where very varied values 

ranging from 2.5 to 7.0 thousandths of the 

plating thickness are found. 
 

 
 
Graph 15 Xbarra by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 16 shows each of the 

measurements obtained by the operators with 

respect to the part analyzed. 
 

 
 
Graph 16 Thicknesses per part 

Source: Own Elaboration, Minitab 19 

 

The operators presented greater difficulty 

in measuring parts 3 and 9 since the box they 

present is of large size and they have a very long 

mustache; it can also be noted that parts 5 and 17 

were those with the least variation among all the 

measurements of the operators and that in spite 

of this, part 5 obtained an outlier value with 

respect to the mean which was 5.2 thousandths 

of an inch. 
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Figure 17 is a Box and Whiskers plot 

showing the variation in operator thickness. 

 

 
 
Graph 17 Thicknesses by operators 

Source: Own Elaboration, Minitab 19 

 

All operators presented a high variation 

in the thicknesses obtained from the analyzed 

part and where the best result is obtained by 

Operator B since it has a smaller box than the 

rest, however it obtained two outliers to the 

average, also the graph shows that there is high 

variation in the measurement of thicknesses in 

all operators because the whiskers presented are 

of large size, finally the operators do not have 

much variation between them because the line 

that joins with the average of each operator does 

not have great inclination. 

 

 
 
Graph 18 Interaction Parts * Operators 

Source: Own Elaboration, Minitab 19 

 

In graph 18 the interaction of the 

operators is observed and the behavior they had 

with each measured part is analyzed in a better 

way, parts 4, 5, 16 and 19 were the ones with less 

variation among the average thicknesses of each 

operator, while those with more variation were 

parts 3, 7 and 20, it can also be seen that operator 

D tends to obtain lower thicknesses than the rest 

of the operators. 

 

R&R for stationary LP gas tank (coated with 

sealant) 

 

Study carried out on October 28, 2022 with the 

four available operators and with the equipment 

internally identified as E-052, which is used to 

measure the thicknesses of the plating 

production line. 

 
Source GL SC MC F P 

Parts 19 211,989 11,1573 228,9 0,00 

Operators 3 0,253 0,0845 1,734 0,17 

Parts * Operators 57 2,777 0,0487 3,152 0,00 

Repeatability 160 2,473 0,0155 

Total 239 217,493 

α to eliminate the interaction term = 0.05 

 
Table 12 Two-factor ANOVA with interaction 

Source: Own Elaboration, Minitab 19 

 

In Table 12 the interaction of 

Parties*Operators has a P-value that significant 

(0.00) so the table without interaction is not 

elaborated by Minitab 19 since it has a value less 

than α. 

 

R&R of the measurement system 

 

For this stage of the coating, Table 13 shows a 

total of 2.85% for the Gage R&R which is a 

value that is within the acceptable and in Table 

14 it can be observed in "%Var. Study" that the 

total Gage R&R is 16.88% so the measurement 

system used is acceptable, but requires 

improvement. 

 
Source CompVar % Contribution 

(from CompVar) 

Gage R&R total 0,027144 2,85 

Repeatability 0,015458 1,62 

Reproducibility 0,011685 1,23 

Operators 0,000596 0,06 

Operators*Parts 0,011089 1,16 

Part to Part 0,925715 97,15 

Total variation 0,952858 100,00 

 
Table 13 Variance components 

Source: Own Elaboration, Minitab 19 

 

Source 
Desv.Est. 

(DE) 

Var. study (6 

× DE) 

%Var. study 

(%VE) 

Gage R&R total 0,164753 0,98852 16,88 

Repeatability 0,124332 0,74599 12,74 

Reproducibility 0,108098 0,64859 11,07 

Operators 0,024413 0,14648 2,50 

Operators*Parts 0,105305 0,63183 10,79 

Part to Part 0,962141 5,77284 98,57 

Total variation 0,976145 5,85687 100,00 

Number of different categories = 8 

 
Table 14 Evaluation of the measurement system 

Source: Own Elaboration, Minitab 19 
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Graph 19 Variation components 

Source: Own Elaboration, Minitab 19 

 

Graph 19 shows, in the form of bars, the 

data obtained in tables 03 and 04 for 

"%Contribution" and "%Var. Study". 

 

 
 
Graph 20 Rank by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 20 shows a quite acceptable 

control in the operators at the moment of 

repeating the thickness obtained previously, 

mainly in operators B and D a good control is 

observed in general with their measurements, 

despite the fact that operator D had a range well 

above the control limit in general presents a great 

behavior at the time of performing their 

measurements. 

 

 
 
Graph 21 Xbarra by operators 

Source: Own Elaboration, Minitab 19 

 

 

 

 

 

 

Graph 21 shows the different values 

obtained by each of the operators in the three 

replicates performed, where very varied values 

ranging from 3.0 to 7.2 thousandths of the 

plating thickness are found, and at a glance it can 

be seen that their graphs show a similar amount 

of thickness. 

 

 
 
Graph 22 Thicknesses by parts 

Source: Own Elaboration, Minitab 19 

 

Graph 22 shows the thicknesses obtained 

by the operators with respect to the part 

analyzed. In this graph it can be seen that parts 

10, 12, 15 and 18 presented atypical values and 

that the thicknesses of each part analyzed do not 

present much variation, the parts with a larger 

box size and a more extensive whisker were 

points 3 and 20. 

 

 
 
Graph 23 Thicknesses by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 23 is a Box and Whiskers diagram 

demonstrating the variation in thickness of the 

operators. All operators presented a high 

variation in the thicknesses obtained from the 

analyzed part with a box and whisker of very 

similar sizes between them and observing that 

operator B has a higher average than the rest of 

operators. 
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Graph 24 Interaction Parts * Operators 

Source: Own Elaboration, Minitab 19 

 

Graph 24 shows the interaction of the 

operators and analyzes in a better way the 

behavior they had with each measured part, the 

parts with a higher variation were parts 4 and 12 

and in general there is a good behavior between 

the measurements of each operator since many 

of their measurements are similar. 

 

R&R for galvanized Y-angle (one specimen) 

 

Study carried out on November 07, 2022 with 

the four available operators and with the 

equipment internally identified as E-044 and 

used for thickness measurement in the 

Galvanizing Production line. 

 
Source GL SC MC F P 

Parts 4 3,09 0,7726 114,0 0,00 

Operators 3 0,062 0,0206 3,049 0,07 

Parts * 

Operators 

12 0,081 0,00677 1,043 0,43 

Repeatability 40 0,260 0,00650 

Total 59 3,494 

to eliminate the interaction term = 0.05 

 
Table 15 Two-factor ANOVA with interaction 

Source: Own Elaboration, Minitab 19 

 

Source GL SC MC F P 

Parts 4 3,090 0,7726 117,7 0,00 

Operators 3 0,062 0,0206 3,148 0,03 

Repeatability 52 0,341 0,0065 

Total 59 3,4940 

 

Table 16 Two-factor ANOVA without interaction 

Source: Own Elaboration, Minitab 19 

 

In Table 16 the interaction of 

Parties*Operators has a P-value that is not 

significant (0.431) so Table 4.6.2 is generated 

where this interaction is omitted. 

 

 

 

R&R of the measurement system 

 

In the analysis of the Y type angle, Table 17 

shows a total of 10.52% for the total Gage R&R, 

it is a little high value, since the maximum 

recommended is 10%, and in Table 18 it can be 

observed in "%Var. Study" that the total Gage 

R&R is 32.43%, so the measurement system 

used is unacceptable. 

 
Source 

CompVar 
%Contribution 

(of CompVar) 

Gage R&R total 0,0075043 10,52 

Repeatability 0,0065641 9,20 

Reproducibility 0,0009402 1,32 

Operators 0,0009402 1,32 

Part to Part 0,0638419 89,48 

Total variation 0,0713462 100,00 

 
Table 17 Variance components 

Source: Own Elaboration, Minitab 19 

 

Source Standard 

deviation 

(SD) 

Study var. 

(6 × SD) 

%Study 

var. 

Gage R&R 

total 

0,086627 0,51976 32,43 

Repeatability 0,081019 0,48611 30,33 

Reproducibility 0,030662 0,18397 11,48 

Operators 0,030662 0,18397 11,48 

Part to Part 0,252670 1,51602 94,59 

Total variation 0,267107 1,60264 100,00 

Number of different categories = 4 

 

Table 18 Evaluation of the measurement system 

Source: Own Elaboration, Minitab 19 

 

Graph 25 shows, in the form of bars, the 

data obtained in Tables 03 and 04 for 

"%Contribution" and "%Var. Study". 

 

 
 

Graph 25 Variation components 

Source: Own Elaboration, Minitab 19 
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Graph 26 Rank by operators 

Source: Own Elaboration, Minitab 19 

 

In graph 26 it can be seen that the 

operators have a lot of control over the 

measurements that each one obtains, since their 

ranges are within the limits. 

 

 
 
Graph 27 Xbarra by operators 

Source: Own Elaboration, Minitab 19 

 

Graph 27 shows the behavior of the 

measurements of each operator and at a glance it 

can be said that the operators tend to have the 

same sequence in their data. 
 

Graph 28 shows the thicknesses obtained 

by the operators with respect to the analyzed 

part. In this graph it can be seen that parts 1 and 

4 present longer whiskers than the rest, so there 

was more complication when measuring the 

thickness of these points, likewise part 3 presents 

a long whisker towards the bottom and with an 

atypical value. 
 

 
 
Graph 28 Thicknesses by parts 

Source: Own Elaboration, Minitab 19 

Operators in general show a regular behavior 

during thickness measurements 

 

Figure 29 is a Box and Whiskers plot showing 

the variation of the thickness of the operators. 

Operator D presents a box of greater size than 

the rest as well as its whisker that has a greater 

length, the other three operators have a box of 

similar size so that between them mainly, there 

is little variation in their measurements, 

however, operator B presents problems since its 

mean is higher compared to the rest presenting 

three outliers with respect to the mean of its 

values. 

 

 
 
Graph 29 Thicknesses by operators 

Source: Own Elaboration, Minitab 19 

 

Figure 30 shows that part 5 is the most 

controlled with only 0.1 thousandths of an inch 

in the variation of its measurements and that in 

none of the parts the operators were able to 

obtain the same result between them with respect 

to the parts.. 

 

 
 
Graph 30 Interaction Parties * Operators 

Source: Own Elaboration, Minitab 19 
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R&R for galvanized steel beam (multi-

specimen) 

 

Study carried out on November 11, 2022 with 

the four available operators and with the 

equipment internally identified as E-044, used 

for thickness measurement of the Galvanized 

Production line. 

 

In Table 19 the interaction of 

Parts*Operators has a P-value that is significant 

(0.00) so the table without interaction is not 

generated by Minitab 19 since it has a value less 

than α. 

 
Source GL SC MC F P 

Parts 14 118,1 8,43732 139,0 0,00 

Operators 3 0,112 0,03739 0,616 0,60 

Parts * Operators 42 2,549 0,06068 4,334 0,00 

Repeatability 120 1,680 0,01400 

Total 179 122,463 

α to eliminate the interaction term = 0.05 

 
Table 19 Two-factor ANOVA with interaction 

Source: Own Elaboration, Minitab 19 

 

R&R of the measurement system 

 
Source 

CompVar 
% Contribution 

(from CompVar) 

Gage R&R total 0,029561 4,06 

Repeatability 0,014000 1,92 

Reproducibility 0,015561 2,14 

Operators 0,000000 0,00 

Operators*Parts 0,015561 2,14 

Part to Part 0,698053 95,94 

Total variation 0,727614 100,00 

 
Table 20 Two-factor ANOVA with interaction 

Source: Own Elaboration, Minitab 19 

 
Source Standard 

deviation 

(SD) 

Study 

var. (6 × 

SD) 

%Var. 

study 

(%VE) 

Gage R&R total 0,171933 1,03160 20,16 

Repeatability 0,118322 0,70993 13,87 

Reproducibility 0,124743 0,74846 14,62 

Operators 0,000000 0,00000 0,00 

Operators*Parts 0,124743 0,74846 14,62 

Part to Part 0,835496 5,01297 97,95 

Total variation 0,853003 5,11802 100,00 

Number of different categories = 6 

 
Table 21 Evaluation of the measurement system 

Source: Own Elaboration, Minitab 19 

 

 

 

 

 

Table 20 shows a total of 4.06% for the 

total Gage R&R, a value within the acceptable 

range, and in Table 21 it can be observed in 

"%Var. Study" that the total Gage R&R is 

20.16% so the measurement system used is 

acceptable, but requires improvement. 

 

Graph 31 shows in the form of bars, the 

data obtained in Tables 03 and 04 of 

"%Contribution" and "%Var. Study". 

 

 
 
Graph 31 Variation components 

Source: Own Elaboration, Minitab 19 

 

Graph 32 shows the behavior that the 

operators had in their three replicates, operator B 

obtained a value outside the upper control limit, 

but in general the four operators keep their 

measurements controlled and in graph 33 the 

behavior of the measurements of each operator 

is observed and at a glance it can be said that the 

operators tend to have the same sequence in their 

data. 

 

 
 
Graph 32 Ranges by operators 

Source: Own Elaboration, Minitab 19 

 

 
 
Graph 33 Xbarra by operators 

Source: Own Elaboration, Minitab 19 
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Graph 34 shows the thicknesses obtained 

by the operators with respect to the analyzed 

part. In this graph it can be seen that parts 5, 6 

and 7 present a greater variation compared to the 

other parts of the piece. 

 

 
 
Graph 34 Thicknesses by parts 

Source: Own Elaboration, Minitab 19 

 

The operators in general show a regular 

behavior when taking thickness measurements. 

 

Graph 35 shows a similar amount of 

variation among the operators, where operator B 

was the one who had more complications when 

measuring the part, since he has a larger box size 

and a more extensive mustache. 

 

 
 
Graph 35 Thicknesses by Operators 

Source: Own Elaboration, Minitab 19 

 

And, in graph 36 it is observed that in 

parts 4, 5, 12, 13 and 14 there was a greater 

complexity for the thickness measurement since 

the measurements obtained by each operator are 

different and that in parts 8, 10 and 15 there is 

greater ease for the operators to obtain similar 

results. 

 

 
 
Graph 36 Interaction Parts * Operators 

Source: Own Elaboration, Minitab 19 
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Conclusions 

 

In the two studies that were carried out at 

laboratory level, a certain discomfort was 

observed on the part of the operator, since they 

were not in their work area and therefore did not 

take the necessary time to measure the part 

correctly. 

 

The surfaces of the parts when they are 

galvanized or metallized do not have a uniform 

surface, although they may seem so, they have 

different thicknesses, so most of the error in the 

R&R studies performed is caused by the 

variation of thickness in the part, therefore, the 

equipment used to obtain thicknesses in both 

production lines (galvanized and metallized) are 

in good condition and can continue to be used for 

their proper functions. 

 

The unfavorable results that were 

obtained in the parts that had only the metallized 

coating (steel plate and stationary gas tank), is 

due to the type of surface that the part has that 

involves roughness, which complicates the 

obtaining of the thickness to be reliable. 
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The operators are more confident in their 

measurements when measuring on a smoother 

surface, for example, comparing the two R&R 

studies performed on the stationary gas tank, the 

first shows an error of 32.23% while, in the same 

tank, but already sealed, presents an error of 

16.88% where the measurement system is 

already acceptable. 

 

 
 
Figure 2 Individual readings on Coated Plate (28945) 

located in the Coating Thickness Standards 

Source: Own Elaboration 

 

To better corroborate that the error 

obtained in the studies that were considered 

unacceptable, it is recommended to increase the 

accuracy of the equipment to at least two figures 

after zero. 
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Abstract 

 

Erosion is a process in which the superficial layer of the soil 

is lost, which provides the plants with the highest 

concentration of nutrients and the water they need, thanks to 

its high organic matter content. According to the United 

Nations Organization and Goal 2 'Zero Hunger' of the 

Sustainable Development Goals, soil erosion is a factor that 

restricts the ability to produce nutritious food. In this sense, it 

is important to monitor this natural process, an effective 

method is the implementation of the Universal Soil Loss 

Equation, which is a quantitative method of indirect 

evaluation that can be used through Geographic Information 

Systems in a determined area, in this method variables such 

as topography, land slope, land use, site geology, and average 

annual rainfall. The study site of this research is the Sextín 

River Basin located northwest of the State of Durango, 

Mexico, with a surface area of 4,906.8 km2. The results 

obtained indicate that the rate of soil loss reaches a value of 

27,201 tons/ha/year, corresponding mainly to areas where the 

topography presents a high percentage of its slopes. 

 

 

 

 

USLE, GIS, Soil 

Resumen 

 

La erosión es un proceso en el cual se pierde la capa 

superficial del suelo, la cual proporciona a las plantar la 

mayor concentración de nutrientes y el agua que estas 

necesitan, gracias a su contenido alto en materia orgánica. De 

acuerdo con la Organización de las Naciones Unidas y al 

Objetivo 2 ‘Hambre cero’ de los Objetivos de Desarrollo 

Sostenible, la erosión del suelo es un factor que restringe la 

capacidad para producir alimentos nutritivos. En este sentido 

es importante el monitoreo de este proceso natural, un método 

eficaz es la implementación de la Ecuación Universal de 

Pérdida de Suelo, el cual es un método cuantitativo de 

evaluación indirecta que puede ser utilizado por medio de los 

Sistemas de Información Geográfica en un área determinada, 

en dicho método intervienen variables como; topografía, 

pendiente del terreno, uso del suelo, geología del sitio y la 

precipitación promedio anual. El sitio de estudio de la 

presente investigación es la Cuenca del Río Sextín ubicada al 

noroeste del Estado de Durango, México, con una extensión 

superficial de 4,906.8 km2.  Los resultados obtenidos indican 

que la tasa de pérdida de suelo alcanza un valor de 27,201 

ton/ha/año, correspondiente principalmente a zonas donde la 

topografía presenta un alto porcentaje en sus pendientes. 

 

USLE, SIG, Suelo
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Introduction 

 

Erosion is a process in which the surface layer of 

the soil is lost. This layer provides plants with 

most of the nutrients and water they need, due to 

its high organic matter content. When this layer 

of soil is lost, productivity decreases and a vital 

resource for growing food is lost (IAEA, 2022). 

 

According to the Sustainable 

Development Goals (SDGs), approved by the 

United Nations in 2015, accelerated soil erosion 

can have disastrous consequences for 

everything, as it is predicted that if immediate 

actions are not implemented, more than 90% of 

soils could be degraded by 2050. According to 

the targets of Goal 2 'Zero Hunger' of the SDGs, 

soil erosion is a factor that restricts the ability to 

produce nutritious food, as well as affecting 

water supply and damaging urban infrastructure. 

 

The Universal Soil Loss Equation 

(USLE) is a quantitative method for indirect 

assessment of soil loss due to water erosion 

processes. This method consists of modeling the 

response of the natural soil system to rainfall at 

the site of interest. 

 

In recent years, Geographic Information 

Systems (GIS) have undergone an important 

development since their origins. The popularity 

of these technologies and the development 

efforts carried out by a large number of sciences 

that benefit from the use of this tool have 

contributed to redefine the discipline and 

integrate elements that were unthinkable at that 

time (Chuvieco, 2007). 

 

GIS as a tool, emerged in the sixties, as a 

result of the conjugation of some factors that 

converge to give rise to the development of the 

first information systems, these factors are 

mainly two: the growing need for geographic 

information, its management and optimal use, 

and the appearance of the first computers (Calvo, 

2012). 

 

These factors are the ones that since its 

inception have continued to drive the 

advancement of GIS as a tool, since the interest 

in the study and conservation of the environment 

is also gradually increasing today, and this 

creates an ideal situation for techniques and tools 

such as GIS to remain in constant evolution.  

 

 

The main objective of this work is to use 

GIS as a tool to implement the method for 

estimating soil loss due to water erosion in the 

Sextín River Basin in the state of Durango, 

through the method known as the Universal Soil 

Loss Equation (USLE) of Wischmeier and Smith 

(1978). 

 

Materials and methods 

 

Study area 

 

The Sextín River watershed is located in the 

northwestern part of the state of Durango in the 

reaches of the municipalities of Ocampo, San 

Bernardo, Guanaceví and Tepehuanes (Figure 

1). 

 

 
 
Figure 1 Macro location of the Sextín River Basin around 

the State of Durango 

Source: Own Elaboration 

 

The basin drains an area of 4,906.8 km2, 

and is delimited to the north by hydrological 

region number 24 Bravo - Conchos, while to the 

south it is bordered by the Rio Ramos basin, to 

the east by the Presa Lázaro Cárdenas basin and 

to the west by hydrological region number 10 

Sinaloa. According to the National Water 

Commission (CONAGUA) in 2022, the basin 

has an available volume of 93.14 Mm3 , under 

the availability classification. 

 

The following equations are used to 

determine the available volume: 

 

Equation to determine the average annual 

volume of runoff from the basin downstream 

(Ab): 

 

Ab = Cp + Ar + R + Im - (Uc + Ev + Ex + Av)    (1) 
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Where; 

 

Cp: Average annual volume of natural runoff; 

Ar: Average annual volume of runoff from the 

basin upstream; Uc: Annual volume of surface 

water extraction; R: Annual volume of returns; 

Im: Annual volume of imports; Ex: Annual 

volume of exports; Ev: Annual volume of 

evaporation in reservoirs; Av: Annual volume of 

storage variation in reservoirs. 

 

Equation to determine the average annual 

availability of surface water in the hydrological 

basin: 

 

D = Ab – Rxy                                                 (2) 

 

Where; 

 

Ab: Average annual volume of runoff from the 

basin downstream; Rxy: Current annual volume 

committed downstream. 

 
Watershed Name Cp Ar  Uc R Im Ex Ev 

I 

Río Sextín: 

From the 

source of Río 

Sextín to EH 

Sardinas. 

523.56 0.00  5.11 0.05 0.00 0.00 0.00 

 
Table 1 List of variables used to calculate the volume 

available in the Sextín River basin 

Own Elaboration 

 

Watershed Name Av Ab Rxy 
Ab - 

Rxy 
D CLASIF 

I 

Río Sextín: 

Desde el 

nacimiento del 

Río Sextín hasta 

la EH Sardinas. 

0.00 518.51 425.37 93.14 93.14 Disponible 

 
Table 2 List of variables used to calculate the volume 

available in the Sextín River basin 

Own Elaboration 

 

USLE Method 

 

The Universal Soil Loss Equation method of 

Wischmeier and Smith (1978) consists of the 

mathematical combination of six variables as 

shown in the following equation: 

 

E = R * K * L * S * C * P                             (3) 

 

Where: 

 

E refers to erosivity per unit area (tn/ha/yr), R is 

the erosion rate due to precipitation effects 

(MJ*mm/ha h), K is the soil erodibility factor, L 

is the slope length factor, S is the slope of the 

terrain, C is the land use factor and P is the 

cultivation practices factor. 

Mapping 

 

For the implementation of the USLE method, 

cartographic information obtained from four 

sources of information was used; the National 

Institute of Statistics and Geography (INEGI), 

the National Water Commission (CONAGUA), 

the National Commission for the Knowledge and 

Use of Biodiversity (CONABIO) and finally the 

Mexican Geological Service (SGM). 

 

The information is available on the 

official portals of these governmental 

institutions and is freely accessible. Table 3 lists 

the characteristics of the cartography used. 

 
Subject Scale Source 

Watershed Delineation 1:250,000 CONAGUA 

Digital Elevation Model 1:250,000 INEGI 

Land Use and Vegetation 

Series VIII 

1:250,000 INEGI 

Lithology 1:250,000 SGM 

Annual precipitation 1:250,000 CONABIO 

 
Table 3 Cartography characteristics and information 

sources 

Own Elaboration 

 

Geographic Information Systems 

 

Geographic information systems (GIS) are 

computer systems oriented to the management of 

geospatial information, they constitute a 

complex but adequate and extended tool for 

research in Earth and Environmental Sciences 

(Bosque, 2000). 

 

The evolution of GIS goes from its first 

appearance, which is presumed to be in 1966, to 

the present time, its potential has been exploited 

in an important way in the last fifteen years 

thanks to the benefits of analysis and 

management of spatial information, as well as to 

the multiple fields of application and the 

simplicity of manipulation. 

 

Qgis 

 

It is a free and open source software, which is 

used to design a GIS, consists of a set of 

applications through which you can create a set 

of data, maps, models, applications and queries 

from geographic information. Due to its free 

license design, it is compatible with various 

operating systems GNU/Linux, Unix, Mac OS 

and Microsoft Windows. 
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Its structure allows the manipulation of 

vector and raster data as well as more complex 

databases. 

 

Qgis is designed by modules, which 

contributes to the use of external sources of 

components that are integrated into a single 

graphical interface providing simplicity and ease 

of use. For the purposes of this study, Qgis 

Desktop 3.26.2 ® was used. 

 

Map Algebra 

 

One of the tools available to GIS is the map 

algebra, this is a set of operators that are 

executed by combining a set of thematic layers 

or defined variables, which consists of matrix 

operations resulting in a new layer, where each 

cell or pixel is assigned a new resulting value. 

 

A raster layer is a matrix of numbers. 

Operators in map algebra, an infinite number of 

operators can be defined, although they are 

usually classified according to the pixels 

involved in the calculation; these can be local 

operators, neighborhood or focal operators, 

block operators, area operators, extended area 

operators and global operators. 

 

In other words, the use of map algebra 

implies overcoming the initial phase of data 

representation and consultation through a GIS 

and initiating a more specialized use, such as 

modeling, which allows us to provide solutions 

to specific spatial problems; in this case, the 

problem posed is the assumption of soil loss 

derived from soil erosion due to water conditions 

at the study site. 

 

Results 

 

The results presented below explain the process 

followed in the modeling of the Universal Soil 

Loss Equation in the Sextín River Basin area: 

 

Factor R 

 

It is defined as the product of the kinetic energy 

and the maximum intensity of precipitation in a 

given time interval. 

 

 

 

 

 

 

Based on the information of mean annual 

precipitation (pma), from CONABIO, the cutout 

of the study site was obtained and classified 

considering the concentrated values of pma. 

According to the national regionalization of the 

R factor (Becerra, 1997), the study site is located 

in region III (Figure 2). 

 

 
 
Figure 2 National regionalization of the R factor  

Becerra, 1997 

 

The equation to be used to obtain the R 

factor for region III is: 

 

R = 3.6752P + 0.001720P2                             (4) 

Where: 

 

P is the raster derived from pma. 

 

Figure 3 shows the R-factor 

classification raster according to the pma values 

at the site. 

 

 
 

Figure 3 R factor in the Sextín River basin 

Source: Own Elaboration 
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 pma R Factor 

 300 1,257.36 

 600 2,824.32 

 
Table 4 R factor in the Sextín River basin 

Source: Own Elaboration 

 

K Factor 

 

The geological information obtained from the 

SGM lithology mapping base, for the study area, 

was classified according to the type of rock 

present and taking as a reference the 

classification of ranges to obtain the K factor 

presented in the following table. 

 
Types of rocks forming the superficial 

substratum or lithofacies 

K-Factor 

Range 

Rocks corresponding to the crystalline 

stratum (granite, gneiss, ...) and basaltic 

rocks. 

0.05 – 0.15 

Compact siliceous rocks (metamorphic, 

hard sandstones, quartzite). 
0.10 – 0.25 

Well consolidated sedimentary rocks (hard 

limestones, dolomites, calcarenites). 
0.20 – 0.40 

White sedimentary rocks (marls, gypsum, 

flysh formations, poorly consolidated 

limestones) 

0.40 – 0.60 

Quaternary rocks (recent deposits) 0.40 – 1.00 

 
Table 5 Lithological classification by K Factor. 

Source: Own Elaboration 

 

Figure 4 shows the K-factor 

classification raster according to the type of 

lithology present at the site. 

 

 
 

Figure 4 K factor in the Sextín River basin 
Source: Own Elaboration 

 Lithology K-Factor 

 Andesite - Basalt, Basalt < 0.10 

 Ignimbrite, rhyolitic tuff 0.10 – 0.15 

 Dioritic porphyry, quartzolite 0.15 - 0.35 

 Rhyolite, Diorite 0.35 - 0.45 

 Andesite, Sandstone, Limestone, 

Alluvial 
> 0.45 

 
Table 6 K-Factor in the Sextín River Basin. 

Source: Own Elaboration 

 

Factor L 

 

To obtain the raster corresponding to this factor, 

it is necessary to generate two variables from the 

INEGI digital elevation model, one of them is 

the flow direction information, this variable is 

obtained through the watershed tool of the 

GRASS module of Qgis. The digital elevation 

model has a spatial resolution of 30m. 

 

Once the flow direction map is obtained 

and from this the flow accumulation value is 

calculated, taking as input the flow direction 

layer. 

 

Finally, the equation is applied: 

 

L = (Flow_Acc / 22)0.3                                    (5) 

 

Where: 

 

Flow_Acc is the flow accumulation raster layer. 

 

Figure 5 shows the site's L-factor 

classification raster 

 

 
 
Figure 5 Factor L in the Sextín River basin  

Source: Own Elaboration 
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S factor 

 

The slope information is obtained from the 

digital elevation model, these values are 

calculated expressed in percentage, it is 

important to generate these values, since it is 

necessary to classify the slopes according to 

what is proposed by the USLE method, 

considering the following equation: 

 

S = (Slope / 9.0)1.3                                          (6) 

 

Where: 

 

Slope is the slope information of the site 

expressed in percentage. 

 

Figure 6 shows the site S-factor 

classification raster 

 

 
 
Figure 6 Factor S in the Sextín River basin  

Source: Own Elaboration 

 

Factor C 

 

This factor was obtained from the classification 

of land use and vegetation information Series 

VIII of INEGI considering the following table: 

 

 

 

 

 

 

 

 

 

Land use and vegetation  Factor C 

Range 

Series VIII 0.03 

Trees with Fcc: 20% - 70%. 0.01 

Trees with Fcc: > 70%. 0.04 

Woodland with shrubland 0.20 

Shrubland with shrubs, Fcc < 70%. 0.10 

Scrub with shrubs, Fcc > 70% Grassland 

with shrubs, Fcc > 70%. 
0.15 

Grassland with shrubs 0.10 

Grassland 0.40 

Rainfed tree crops 0.25 

Annual and arable crops 0.04 

Irrigated crops 1.00 

 
Table 7 Land use classification 

Source: Own Elaboration 

 

Figure 7 shows the raster of the site's C 

factor classification. 

 

 
 
Figure 7 Factor C in the Sextín River basin 

Source: Own Elaboration 

 
 Land use and vegetation C Factor 

 Holm oak forest, holm oak-pine 

forest 
< 0.01 

 Ayarín forest 0.01 – 0.029 

 Annual irrigated and rainfed 

agriculture 
0.029 – 0.037 

 Induced and natural pasture 0.037 – 0.099 

 Secondary arboreal vegetation 0.099 – 0.200 

 Shrub secondary vegetation 0.200  – 0.25 

 No apparent vegetation and 

human settlements 
>0.025 

 
Table 8 Classification of land use according to factor C 

Source: Own Elaboration 
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Erosivity 

 

Finally, and to obtain the soil erosivity value by 

water factor, equation 3 is applied, from which 

the following result was obtained. It can be seen 

that the most affected areas are located in the 

central part of the basin, as well as in the 

northeast quadrant. Soil movement values of up 

to 27,201.0 ton/ha/year were obtained, and these 

zones correspond to sites where human activity 

and slope values are higher. 

 

 
 

Figure 8 Erosivity of the Sextín River basin 
Source: Own Elaboration 

 
 Erosivity (tn/ha/year) Grade 

 0.00 – 105.00 Very low 

 105.00 – 535.00 Low 

 535.00 – 1,385.00 Medium 

 1,385.00 – 3,415.00 High 

 3,415.00 – 27,201.00 Very high 

 
Table 9 Classification of erosivity degree 

Source: Own Elaboration 

 

Conclusions 

 

The R-factor values obtained for the Sextín 

River Basin range from approximately 1,257 to 

2,825 MJ mm /ha h. In the months of January to 

December, rainfall can reach values of 800 mm, 

which is classified as low erosivity. 

 

The values of the K factor in the Siguas 

basin are between 0.15 and 0.45 

t.ha.h/ha.MJ.mm. The predominant value K= 

0.35 t.ha.h/ha.MJ.mm, corresponds to soils 

moderately susceptible to landslides. 

The topographic factor (LS) values of 8.7 

for 48.6% of the basin area correspond to soils 

with slopes between 24 to 30% (moderate 

slopes), while 1.58% of the basin area has soils 

with steeper slopes between 70 to 100%, which 

favor water erosion in the study area. 

 

Soil loss rates reach 27,201 tn/ha/year, 

corresponding to areas with steeper slopes. 
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Abstract 

 

A number of models exists to analyze discharge recession curves 

(RC), such as Boussinesq (BM) and Maillet (MM) models, 

which were derived from theoretical equations of groundwater 

flow. This paper presents the results of a study, analyzing water 

table recession curves, whose objective was to determine the 

model that best represents the dynamics of the karst aquifer in 

the northern plain of Yucatan, Mexico. The above was achieved 

defining statistical criteria to select the model; implementing a 

statistical analysis strategy to compare the estimates of the 

parameters of greatest hydrological interest of the chosen decay 

models. Two scenarios were considered for the analysis: I.- Two 

wells with the same time intervals with standardized data of: 

different initial hydraulic head (ho); similar ho; modified ho. II.- 

A single well, starting from an established hydraulic head and 

discharge in the same period of time. Numerical methods were 

used to fit models to the observed RCs and a maximum 

likelihood function for parameters estimation. Statistical criteria 

were established to choose the best model. The Boussinesq 

model proved to be the most appropriate, whose estimates of the 

parameter α were explored, using fixed values of the parameter 

n. The comparison between the estimates of α was made based 

on hypothesis tests (t to compare between two values of α and F 

for the comparison between more than two values of α). 

Quasiprobability distributions obtained by a maximum 

likelihood estimator were also used. The best estimates of α(BM) 

are obtained with values of the parameter n between 0.5 and 2. 

 

 

 

 

Aquifer, Estimates, Groundwater, Karst, Models, Statistics 

 

 

Resumen 

 

Existe una serie de modelos para analizar las curvas de recesión 

de descarga (RC), como los modelos de Boussinesq (BM) y 

Maillet (MM), que se derivaron de ecuaciones teóricas de flujo 

de agua subterránea. Este artículo presenta los resultados de un 

estudio, analizando las curvas de recesión del nivel freático, cuyo 

objetivo fue determinar el modelo que mejor representa la 

dinámica del acuífero kárstico en la planice norte de Yucatán, 

México. Lo anterior se logró definiendo criterios estadísticos 

para seleccionar el modelo; implementar una estrategia de 

análisis estadístico para comparar las estimaciones de los 

parámetros de mayor interés hidrológico de los modelos de 

decaimiento elegidos. Para el análisis se consideraron dos 

escenarios: I.- Dos pozos con los mismos intervalos de tiempo 

con datos estandarizados de: diferente potencial hidráulico 

inicial (ho); ho similar; ho modificado. II.- Un solo pozo, a partir 

de un potencial hidráulico establecido y descarga en el mismo 

período de tiempo. Se utilizaron métodos numéricos para ajustar 

los modelos a las RC observadas y una función de máxima 

verosimilitud para la estimación de parámetros. Se establecieron 

criterios estadísticos para elegir el mejor modelo. El modelo de 

Boussinesq resultó ser el más adecuado, cuyas estimaciones del 

parámetro α se exploraron utilizando valores fijos del parámetro 

n. La comparación entre las estimaciones de α se realizó con base 

en pruebas de hipótesis (t para comparar entre dos valores de α y 

F para la comparación entre más de dos valores de α). También 

se utilizaron distribuciones de cuasiprobabilidad obtenidas por 

un estimador de máxima verosimilitud. Las mejores 

estimaciones de α(BM) se obtienen con valores del parámetro n 

entre 0.5 y 2. 

 

Acuífero, Estimadores, Aguas subterráneas, Karst, Modelos, 

Estadísticas 
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1. Introduction 

 

Recession analysis focuses on the recession 

curve (RC) which is the specific part of the 

hydrograph following a rainfall event and the 

peak discharge when flow diminishes. Recession 

flow analysis is a hydrological technique used 

for forecasting drought flows, aquifer 

characterization, and investigating the 

groundwater regime in basins.  

 

The method consists in plotting the 

observed recession slope of the drought flow 

hydrograph, or dQ/dt, against the discharge Q, 

such that dQ/dt = f (Q), where f is an arbitrary 

function, and then compare observations with 

analytical solutions. 

 

When a fully saturated flow region is 

considered, on the water table, the pressure head, 

, equals zero; therefore, the head relationship 

h=+z, yields h=z for the water table boundary 

condition. Thus, for a recharge case the water 

table in a specific location is simply the 

hydraulic head (h) which varies with time. If the 

hydraulic conductivity, K, is known, it is 

possible to calculate the total discharge through 

the system (Q) by means of Darcy’s law 

(equation 1). 

  

𝑄 = 𝐾𝑖𝐴      (1) 

 

where: i = hydraulic gradient, and A = 

Area perpendicular to the groundwater flow. The 

flow across any streamplane must also be Q. In 

other words, the discharge flow through any part 

of a streamtube can be calculated from a 

consideration of the flow in just one element of 

it (Huang et al. 2023). 

 

Liang and Zhang (2012) present 

analytical solutions for h (water table) and Q 

(lateral discharge) which are valid for any 

recharge and discharge time series in an 

unconfined aquifer.  

 

The response of Q vs time was 

demonstrated to be similar to that of h since Q is 

proportional to the hydraulic gradient which 

increases with the water table and decreases with 

the declining water table.  

 

 

 

 

 

Although in recent years new 

mathematical models have been developed that 

represent the phenomenon, the models of 

Boussinesq (1904) and Maillet (1905), both 

derived from the "theoretical groundwater 

equations", are still used due to the fundamentals 

that the they sustain (Darcy's Law and Dupuit-

Forchheimer's assumptions in the absence of 

capillarity above the water table) since they are 

associated with Specific yield (Sy), 

Transmissivity (T) and Storage coefficient (Sc) 

(Dewandel et al. 2003; Rupp and Selker 2005; 

Rupp and Selker 2006; Yeh and Chang 2013; 

Mishra and Kuhlman 2013). Amit et al. (2002) 

mentioned that the Boussinesq model assumes a 

moderate hydraulic gradient, homogeneity, 

isotropy and a one-dimensional flow; the Maillet 

model equation represents a theoretical behavior 

under similar conditions. Werner and Sundquist 

(1951), Hall (1968), Hornberger et al. (1970), 

Ambroise (1988), among others, cited by 

Tallaksen (1995) have suggested that the Maillet 

model best represents the recession in confined 

aquifers while the Boussinesq model is usually 

more appropriate for unconfined aquifers. 

 

Approximate solutions exist to the 

Boussinesq equation describing the water table 

dynamics in an unconfined aquifer 

(Polubarinova-Kochina (1962); Moutsopoulos 

(2010); Lockington (1997); Tolikas et al. 

(1984); Basha (2013); Jiang and Tang (2015)). 

Hayek (2019) developed a method to obtain 

efficient approximate solutions to the one-

dimensional Boussinesq equation induced by 

sudden change in boundary head. The method 

applies to both recharging and dewatering 

aquifers and describes the position of the water 

table as a function of head and time.  

 

The equations obtained are valid for 

constant boundary and initial conditions 

including zero head (i.e., dry aquifer). Bartlett 

and Porporato (2018) present a solution to the 

Boussinesq equation that relates the 

groundwater flow rate and the water table height 

which may be used to represent streamflow and 

groundwater dynamics. It describes the flow 

recession curve making it possible to examine 

the flow recession trajectory under different 

configurations of the water table profile which 

can be translated in the analysis of head 

elevation versus time. 
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In natural systems, the processes of 

hydraulic head decay or recession curves are 

subject to different and much more 

heterogeneous conditions than those assumed by 

the equations of the Boussinesq and Maillet 

models, in such a way that their interpretation 

and the inferences made as a result of 

measurements and estimates for empirical 

curves, require the consideration of uncertainty. 

According to Koc (2008) the statistical inference 

(based on probabilistic concepts) of the 

recession curves in empirical studies, can 

provide greater strength to the inferences and 

interpretations of the hydrological phenomena of 

groundwater in the karst; this is supported by the 

fact that karst systems are complex to map 

(Maleki t al. 2023).  

 

Regression analysis is undoubtedly the 

appropriate tool for empirical studies. In some 

cases, the equations can be solved by logarithmic 

transformations with graphical methods or the 

application of simple linear regression 

techniques; however, in most cases nonlinear 

regression techniques are more appropriate 

(Szilagyi 1999).  

 

Currently, the increase in computational 

capabilities through computers facilitates the 

application of various techniques of non-linear 

regression analysis and, in most cases, the 

estimation of the parameters of nonlinear 

equations is achieved by numerical methods: 

Gauss-Newton algorithm, Golub-Pereyra, 

Levenberg-Marquardt, Generalized Reduced 

Gradient (GRG2), etc. (Koc 2008; Aksoy and 

Wittenberg 2011). 

 

The selection of a model to represent the 

recession of groundwater, either at a specific 

point (well) or in an area (several wells), is one 

of the initial problems; therefore, it is important 

to have criteria for choosing between different 

models of recession to be used in each case.  

 

This selection of recession models has a 

statistical component (adjustment) and another 

component that involves the incorporation of 

hydrological criteria. Some of the criteria used 

for the selection of statistical models in the 

regression analysis are: least squares, coefficient 

of determination, Akaike criteria, among others 

(Zhu et al. 2009). 

 

 

 

 

Another important aspect related to the 

study of recession curves is the comparison 

between curves of a single well at different times 

or the comparison of curves of different wells in 

an area that is assumed to be similar and 

responds to recession events during the same 

period of time. In the case of the Maillet and 

Boussinesq models, the most interesting 

comparisons are made on the parameter α or the 

instantaneous rate of decay; and although the 

statistical tools for hypothesis testing between 

two α's (comparison between two instantaneous 

decay rates based on the t-student test) or several 

α's (comparison among more than two 

instantaneous rates of decay, based on the 

Snedecor F test) allow approximations, it is 

important to explore the nature of the estimates 

of α based on the numerical methods and to 

establish some criteria to understand the nature 

of the uncertainty related to the estimates of α. 

 

 In this sense, the use of maximum 

likelihood estimators can be an appropriate tool 

(Fuentes-Mariles et al. 2015; Walters and 

Ludwig 1994; Zhu et al. 2009). In this work 

analytical techniques are explored that allow 

hydrological inferences of karst plains, based on 

decay curves, incorporating a greater 

probabilistic foundation. 

 

1.1. Study area 

 

The study area is located towards the NE littoral 

of the coastline of the state of Yucatan and is part 

of the discharge area of the aquifer unit called 

"Inland Plain" which corresponds to 

Hydrological Region 32 of the Yucatan 

Peninsula (North Yucatan; CONAGUA, 2015), 

Figure 1. 

 

The Yucatan Peninsula is part of an 

extensive calcareous platform that has 

maintained some tectonic stability after its 

origin. The subsoil of the Yucatan Peninsula is 

constituted by a sequence of calcareous 

sediments of marine origin from the Recent 

Tertiary (Butterlin and Bonet 1960; Bonet and 

Butterlin 1962). The Quaternary outcrops 

towards the coastal areas and corresponds to 

calcareous deposits exposed after a slight 

emersion of the peninsula. The rock that 

constitutes the aquifer in the study area is a 

limestone with mollusks that corresponds to the 

recent Pleistocene. 
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The monitoring wells located 

approximately 20 km from the coastline, in a 

direction perpendicular to it, are identified by the 

letter "C"; those with the letter "B" are located 

11.8 km from the coast, where the effect of the 

tides does not spread. Due to confinement 

conditions and proximity to the sea, wells 

identified with the letter "A" as 3-A and 4-A, 

were omitted from the study, since the 

fluctuations of the water level are affected by the 

tides (Figure 1). 

 

The lithological record of well 3C reports 

the existence of a limestone with sandy texture 

up to 12 m depth from the ground level; beneath 

this rock is a compact clay limestone with traces 

of dissolution up to 32 m deep. For the case of 

wells 4B and 4C, the presence of calcareous marl 

is evident from the ground surface and up to 32 

m deep. Most of the aquifer is considered 

unconfined with the exception of the coastal 

strip of approximately 9 km wide, in the studied 

area, where a caliche of low permeability 

confines the aquifer that discharges into the Gulf 

of Mexico under this confinement scheme. 

 

The wells used to evidence this work 

were named Santa Pilar (3B), Moctezuma (4B) 

and Vista Hermosa (4C), in Figure 1. The 

hydraulic head was recorded at 24-hour 

intervals, using pressure sensors, during a period 

of five years, from 2004 to 2009, in the 

monitoring wells of the study area. 

 

2. Methods 

 

The most common approach to recession curve 

analysis has been to plot discharge against time; 

however, Hsu and Li (2020) have demonstrated 

that groundwater recession curves can be related 

to the local geology. The approach adopted here 

is similar to the one described by Jones and 

McGilchrist (1978). Recorded hydraulic heads 

were used since they are primarily obtained from 

field measurements. A recession model for h(t) 

implies a recession model for Q(t) and vice 

versa. The fact that h(t) is recorded on a time 

basis makes it the variable available from data 

banks. 

 

The analysis of recession curves (RCs) is 

a tool that has been used to study the behavior of 

karst aquifers (Szilagyi and Parlange 1998; 

Szilaghyi 1999; Fiorotto and Caroni 2013).  

 

 

It has been hypothesized that these 

curves can be useful for studying the dynamics 

of groundwater in karst plain systems, based on 

the following assumptions: 

 

1. The volume of water stored within the 

aquifer is considered as a storage that is 

permanently being emptied towards a 

discharge point, particularly during the 

period of time when no water input to the 

system exists. 

 

2. The hydraulic head (h) measured in a 

well represents the energy of the 

unconfined aquifer. 

 

3. There is a very low hydraulic gradient in 

the aquifer, making the groundwater 

flow to be horizontal. 

 

4. There is water entering and leaving the 

well, which can be estimated applying 

Darcy's Law and the Dupuit assumption 

applies. 

 

5. The prismatic volume of the aquifer 

around the well is uniform and, 

consequently, the sections through which 

the groundwater flows are also constant 

in the X and Y directions; however, it 

varies in Z because of the variation of h. 

 

6. A decrease on the hydraulic head in the 

well determines the discharge of the 

storage, in a similar way as it happens in 

a water reservoir with an outlet of 

constant geometry. This same 

assumption was raised by Maillet when 

proposing his empirical model. 

 

7. In consequence, there is a direct 

relationship between the decrease of “h” 

with time and the discharge at the same 

moment. This is similar to way in which 

the volume of water that passes through 

the control sections of the gauging 

stations in rivers is estimated. 

 

The analysis of the data obtained from 

the monitoring wells in the study area was 

carried out considering the following steps: 
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2.1. Preprocessing of time series and selection 

of recession curves 

 

The standardization of the hydraulic head values 

of the recession curves (RC) during the 

preprocess consisted of selecting two RC pairs 

from two wells, corresponding to the same year; 

it was considered that the difference of initial 

values of the hydraulic heads for the first pair of 

curves is minimal or null and that the second pair 

of curves has a considerable difference between 

the initial hydraulic heads. 

 

2.2. Choice of the estimation method for the 

non-linear regression analysis 

 

The following equations (2 and 3), used in the 

present study, are the expressions of the 

modified Boussinesq (1904) and Maillet (1905) 

models, respectively: 

 

ℎ =
ℎ𝑜

(1+𝛼∗𝑡)𝑛     (2) 

 

ℎ = ℎ𝑜 ∗ 𝑒−∝∗𝑡     (3) 

 

where: ho = initial hydraulic head [L]; n 

= fitting parameter; α = rate of decay or recession 

coefficient; t = time [T]. 

 

Equation (2) comes from the generic 

form of the Boussinesq’s solution. Drogue 

(1972) shows how to linearize this equation 

based on statistical analysis of 100 examples and 

found n = 3/2 as the most representative value. 

Equation (3) comes from the spring drainage 

from a porous aquifer; it represents a linear 

reservoir where the discharge is proportional to 

the water volume stored, at any time: V(t). Both 

equations describe the decrease of discharge 

with time: Q(t) = α * V(t) = α * A*h(t), which 

link the discharge at the outlet of the reservoir to 

its water level. 

 

In the case of karst aquifers with not well 

interconnected solution conduits, flow might 

remain laminar and be constrained by narrow 

passages; this would allow the application of the 

linear reservoir model (Rimmer and Hartmann, 

2012). 

 

 

 

 

 

 

 

2.3. Parameters estimation of the considered 

models 

 

This estimation was made by modifying the 

values of the independent variables involved in 

the determination of the parameters of the model 

considered, until obtaining the best fit of the 

model to the field data. 

 

2.4. Determination of statistical criteria to 

choose the recession model and 

implementation of methods for comparison of 

estimated parameters 

 

The statistical criteria for the selection of the 

models that were implemented were (Zhu et al. 

2009): 

 

The highest values of: 

 

𝑅𝑎𝑗
2 = 1 −

(𝑆𝑇𝑆−𝑆𝑆𝐸)/(𝑛−𝐾−1)
𝑆𝑇𝑆

(𝑛−1)⁄
   (4) 

 

or the smallest of: 

 

𝑆𝑆𝐸 = ∑(ℎ𝑖 − 𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛𝑠 𝑖, 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙)2 (5) 

 

𝐴𝐼𝐶 = −2log ( (𝐿(𝜃 ∖ 𝑑𝑎𝑡𝑎)) + 2𝐾 (
𝑛

𝑛−𝐾−1
)  (6) 

 

where: 

Raj
2 = adjusted coefficient of determination 

STS = sum of total squares (sum of squares of 

the regression and sum of squares of the error) 

SSE = sum of squares of the error. 

AIC = Akaike information criterion. 

𝜃 = estimated parameters 

n = number of data 

K = number of parameters 

hi = daily observations of the hydraulic head [L] 

 

The parameters estimation of the models 

was made by maximizing the likelihood function 

(Walters and Ludwig, 1994, Zhu et al. 2009): 

 

𝐿(𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠/𝐷𝑎𝑡𝑎) = 𝑚𝑎𝑥(𝑆𝑆𝐸−𝑚)  (7) 

 

where SSE is defined in equation (5) and 

𝑚 = −(𝑛 − 1)/2 
 

Maximization of equation 5 is also 

achieved by minimizing equation 7; for this, the 

non-linear GRG engine of SOLVER is used, 

which is part of EXCEL. 

 



35 

Article                                           Journal of Quantitative and Statistical Analysis 

        June, 2023 Vol.10 No.26 30-43 

 

 
ISSN 2410-3438 

ECORFAN® All rights reserved 
GONZALEZ-HERRERA, Roger, SANCHEZ-PINTO, Ismael and 

ZETINA-MOGUEL, Carlos. An approximation to statistical analysis of 
recession curves of a karst system in a plain. Journal of Quantitative and 

Statistical Analysis. 2023 

The comparison of the estimates of the 

parameter α was made, in the case of two curves, 

using the t distribution: 

 

𝑡 =
𝛼1−𝛼2

𝑆𝑏1−𝑏2
      (8) 

 

with: 

 

𝑆𝛼1−𝛼2 = √
(𝑆𝑦∗𝑥

2 )𝑎

(∑ 𝑥2)1
+

(𝑆𝑦∗𝑥
2 )𝑎

(∑ 𝑥2)2
    (9) 

 

And for more than two curves the F 

distribution: 

 

𝐹𝑐𝑎𝑙𝑐 =
𝑆𝑆𝑐−𝑆𝑆𝑎

𝑘−1
𝑆𝑆𝑎
𝑑𝑓𝑎

              (10) 

 

where: 

SSa = Sum of the sums of squares of all the 

regressions, 

SSc = Sum of squares of the "common" 

regression, 

k = number of "parameters α or slopes of the 

curves" that are contrasted and 

dfa = degrees of freedom of SSa. 

 

In all cases, the level of significance of 

the hypothesis tests is considered 0.05, following 

the criterion of Zar (2010). 

 

The graphical analysis of the 

quasiprobability distributions was carried out 

using equation 7 and with the support of the tool 

"DATA TABLE" of EXCEL; for this, graphs 

were drawn up with the information contained in 

the tables generated, representing the joint 

quasiprobability distribution of the parameters α 

and n, and the marginal quasiprobability 

distributions for α. 

 

The quasiprobability was calculated by 

adding the likelihood on the surface comprised 

in the interval of α and n plus a percentage of 

variation on both sides of the point estimate 

obtained by maximum likelihood that would 

allow to explore the area of solutions in the 

estimation of the parameters by the regression. 

The marginal quasiprobability distributions were 

independently built for each parameter and in 

intervals of variation around the point estimate 

in a percentage that would allow scales of 

analysis or comparison. In all cases, twenty class 

intervals were used for each parameter. 

 

The estimation of the parameters, P(ij), 

was carried out by maximum likelihood 

(Equation 7) and the statistical criterion for the 

choice of the model, using Equation 5. 

 

𝑃(𝑖𝑗) =  
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 (𝑖,𝑗)

∑ ∑ [𝐿(𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟/𝐷𝑎𝑡𝑎)]min%  𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟
max % 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟  

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝛼
𝑃𝑎𝑟á𝑚𝑒𝑡𝑒𝑟 𝑛

        (11) 

 

2.5. Parameter estimation with the model 

appropriate to the case study 

 

As mentioned previously, the estimation of the 

parameters was carried out by minimizing 

quadratic differences between the observations 

of the hydraulic head and the model predictions; 

for this, the EXCEL SOLVER tool (Motor GRG: 

Generalized Reduced Gradient) was used. The 

regression analyzes were also performed 

through EXCEL. At the same time that the 

parameter estimates were made, tests were 

implemented to: a) select a model that best 

represents the situation studied and b) compare 

the estimates of the parameters of the models. 

 

3. Results 

 

The analysis of spatially distributed time series 

of piezometric levels provide valuable 

information on the aquifer hydrodynamic 

characteristics (Huang et al. 2023); therefore, 

following the methodology described above, the 

time series were pre-processed by standardizing 

the hydraulic head values measured 

simultaneously in the wells of the study area. 

The first thing that was done before selecting the 

recession curves was to eliminate some trend if 

it was presented in the time series in question. 

When a recession period was interrupted by 

recharge, it was not used. Only recessions that 

are the result of a large and instantaneous drop 

in recharge were used. 

 

As an example of the application, of the 

curves resulting from the Vista Hermosa (4C) 

and Moctezuma (4B) wells, two pairs were 

selected: the first pair of curves with different 

hydraulic heads at the beginning (approximate 

difference of 0.35 m) but a similar behavior after 

the twelfth day, with a total interval of 140 days 

(Figure 2); the second pair of curves with a head 

difference of just 0.02 m at the beginning and 

with similar behaviors during a time interval of 

65 days (Figure 3). 
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4. Discussion 

 

The estimation, by means of non-linear 

regression, of the α parameters of both, the 

modified Maillet (1905) and Boussinesq (1904), 

models was carried out with the EXCEL 

SOLVER tool. This allowed the implementation 

of the calculation equations of the statistical 

criteria to choose the appropriate model that best 

represents the conditions of the Yucatan aquifer, 

studied, as well as the equations to perform the 

hypothesis tests that allow comparison of the 

estimates of the parameters of the models; in 

particular parameter α, of greatest interest in 

hydrological interpretations (Fiorillo 2016; 

Patnaik et al. 2018; Shamsi et al. 2019). 

 

The values of the statistical criteria 

obtained during the adjustment of a recession 

curve for each of the wells, Vista Hermosa (4C) 

and Moctezuma (4B), corresponding to the same 

year are presented in Table 1. The initial 

hydraulic heads between both wells had a 0.35 

m difference approximately, but the length 

period of both curves was 145 days. During the 

adjustment process, ho and  could vary for the 

modified Maillet and Boussinesq models’ 

applications; in addition to these, the parameter 

n was also allowed to vary. The highest values 

of the Akaike criterion (AIC) and the coefficient 

of determination (Raj
2) indicate that the best 

statistical fit for both RCs is obtained with the 

modified Boussinesq model, which was 

confirmed by the minimum value obtained by 

the SSE index for the said model. 

 

The adjustment of the modified 

Boussinesq model to two recession curves with 

different ho produces α and n's estimates 

statistically different. For example, with a ho of 

30 centimeters for the Vista Hermosa well, the 

estimates were: ℎ̂oBu = 0.984, ̂Bu = 0.012 and 

𝑛̂Bu = 1.09; for the Moctezuma well: ℎ̂oBu = 

1.246, ̂Bu = 0.029 y 𝑛̂Bu = 0.91. These estimates, 

for different initial hydraulic heads, show 

significant differences between the α and n 

parameters of both wells, which can be seen in 

the marginal quasiprobability graphs (Figures 4 

and 5). Figure 6 shows the observations of the 

hydraulic head for Vista Hermosa and 

Moctezuma wells as well as the adjustment lines 

estimated with the modified Boussinesq model. 

 

 

 

For the case of similar ho heads in two 

different wells (Vista Hermosa: ho = 54 cm and 

Moctezuma ho = 56 cm) during the same period 

of time, the results show a statistical similarity 

(Figures 7 and 8). 

 

Should both parameters α and n be 

statistically equal, the estimate of the master 

curve is justified by obtaining the following 

estimated parameters: ℎ̂oBu = 0.5493, ̂Bu = 

0.0135 and n = 0.8379. Figure 9 shows the joint 

distribution of quasiprobabilities of α and n for 

the master curve obtained from curves with 

naturally similar hydraulic heads. 

 

In the case of the Santa Pilar well (3B), 

unstandardized data were used. The observations 

were selected using the similarity of the initial 

hydraulic head and the same time of the 

recession period, as criterion, for periods of 60 

days in different dates (Figure 10). 

 

The parameter α was estimated keeping 

the n parameter of the modified Boussinesq 

model fixed, using all data from the Santa Pilar 

well (3B) (Figure 11). It can be observed that the 

parameter α tends to decrease asymptotically 

when increasing the value of n and the behavior 

of the sum of minimum quadratic differences is 

asymptotic but to the increase with n. This 

suggests that a good fit can be achieved with n = 

2, for the RCs analyzed in this case. 

 

The behavior of the hydraulic head in 

wells drilled in karst systems depends on 

complex components present (Goodling et al. 

2023). Among these are the karstic horizons that 

intervene to reduce hydraulic heads, as is the 

case in the northern Yucatan plain (Zetina-

Moguel et al. 2019). For this reason, high 

variability or uncertainty associated with 

measurements of this parameter is expected 

(Mayaud et al. 2016; Shaw 2016). Under 

conditions of high variability and uncertainty, 

the convergence of the numerical methods used 

to estimate the parameters of the models by non-

linear regression, whether minimum (sum of 

quadratic differences, least squares) or 

maximum (likelihood functions), can lead to 

spurious solutions (Skaugen and Mengistu 

2016). For example, for the field data set 

(hydraulic heads represented by time series h1 

and h2), the estimation efforts with the nls 

package of the R program were inapplicable 

when adjustments were attempted with the 

Boussinesq model (Figure 12). 
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Estimates of the parameters were made 

with the EXCEL GRG engine; The marginal 

quasiprobability distributions obtained by 

maximum likelihood, which are presented in 

Figure 13, show that the solution domains are 

complex spaces. 

 

Sometimes solutions exist that satisfy the 

minimization of squares or the maximum 

likelihood, but they can be in spaces of values 

that are not congruent for hydrological 

interpretations. 

 

5. Conclusions 

 

Karst aquifers are characterized by rapid and 

marked variations of water table and discharge 

which complicates their use as water sources. 

They are typically very productive, because of 

their ability to convey water through a network 

of interconnected conduits. Although 

piezometric heads are not inputs or outputs of the 

system, physically, they are influenced by 

precipitation and groundwater discharge; 

therefore, they serve as an indicator of the state 

of the system providing information on the 

dynamics of the water table changes in the 

unconfined aquifer. 

 

The statistical criteria used for the 

selection of models for the analysis of recession 

curves, in fact, have as a central element the 

quadratic difference between the observed and 

predicted values. Akaike's criterion is the one 

that magnifies the differences between the 

models studied and makes them more evident; 

however, the calculation of this criterion is based 

on the sum of the quadratic differences between 

the observed values and those predicted by the 

models.  

 

The criteria considered in this paper, for 

example R2
aj, sometimes showed very small 

differences when adjusting with the studied 

models. Consequently, depending on the case, it 

is advisable to base the decision on the use of a 

particular model, in the nature of the 

phenomenon and the theoretical foundations that 

sustain the derivation of the equations. In the 

case of the recession curves of the Yucatan karst, 

it is frequent that the difference of the calculated 

decision criteria is minimal, either with better 

adjustments for the Maillet model or the 

Boussinesq model; however, in most cases better 

adjustments are presented for the Boussinesq 

model.  

On the other hand, this model is 

considered the most appropriate to represent the 

recession phenomenon in unconfined aquifers, 

being that the wells studied in this research are 

in an area that can be considered as such. 

 

The implementation of the methods of 

comparison of estimates of the alpha parameter 

in recession curves obtained from the same well 

or in different wells, with the purpose of 

developing master curves, on the connectivity in 

systems or subsystems of the karstic aquifer of 

Yucatan, showed that both the t-student and the 

F-Snedecor based tests are appropriate when 

comparing the alpha parameter of the Maillet 

and Boussinesq models estimated by non-linear 

regression, using numerical methods.  

 

The use of quasiprobability distributions, 

based on the maximum likelihood estimator, 

complements the foundation of the inferences, 

but it is important to bear in mind that any of 

these methods serves to create contexts, of 

empirical and theoretical evidences, in which 

they can be taken the best informed and probable 

decisions. 

 

The Boussinesq model seems to be the 

model that best represents the decay phenomena 

of the hydraulic head in wells of the Yucatan 

karst plain. The measurements made with a daily 

frequency show congruence in relation to the 

hydrological phenomena that the Maillet and 

Boussinesq models represent, but it is important 

to point out that the measurements include an 

important variability and uncertainty.  

 

The geological arrangements of the karst, 

the presence of several horizons with different 

degrees of karstification, the underground 

connectivity of the aquifer in the horizontal and 

vertical planes, the heterogeneity of the 

recharges due to rainfall (both in time and space) 

and the effect of factors such as tides, 

atmospheric pressure or errors due to 

measurement instruments or their installation 

and management, are sources of uncertainty and 

variation difficult to control in empirical studies. 

Therefore, the identification of a greater or lesser 

variability and uncertainty facilitates the search 

for theoretical and methodological explanations. 
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The behavior of the estimates of the 

alpha parameter in scenarios of fixed n values 

suggests the convenience of exploring the values 

of n for different karstic regions, and of taking 

fixed values of n through which homogeneous 

estimates of alpha are possible, in an iterative 

process that will surely be complemented with 

independent hydrological knowledge, in the 

study areas. The results suggest that the best 

adjustments, with the data used, are for the 

estimation of n between 0.5 and 2; this is 

associated with changes in alpha values of the 

order of ten thousandths of a meter in daily 

hydraulic heads. It must be considered that the 

data comes from a karstic plain and in the 

hydrological analysis the scales are important. 
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Annexes 

 
Vista Hermosa (4C) 

  Maillet Model   Boussinesq Model 

      Best Model  

ℎ̂oM 0.9451 ℎ̂oBu 0.9936 

̂M 0.0077 ̂Bu 0.0081 

    𝑛̂Bu 1.3625 

SSEM 0.2184 SSEB 0.1741 

Significant Regression (0.05)  Significant Regression (0.05) 

Raj
2

M 0.9337 Raj
2

B 0.9353 

Verisimilitude 1.77231E+46 Verisimilitude 1.37557E+53 

AIC aj M -216.90 AIC aj B -238.88 

Moctezuma (4B) 

  Maillet Model   Boussinesq Model 

      Best Model  

ℎ̂oM 1.0318 ℎ̂oBu 1.2102 

̂M 0.0117 ̂Bu 0.0310 

    𝑛̂Bu 0.8931 

SSEM 0.35500932 SSEB 0.0789 

 Significant Regression (0.05)  Significant Regression (0.05) 

R2
ajuM 0.9366 R2

ajuB 0.9619 

Verisimilitude 3.04241E+31 Verisimilitude 1.55152E+77 

AIC aj M -148.90 AIC aj B -349.65 

 
Table 1 Statistical criteria and estimated adjustment 

parameters of the recession curves, Vista Hermosa (4C) 

and Moctezuma (4B) wells. Different ho and same period 

of time 

 

 
 

Figure 1 Study area 

 

 
 

Figure 2 Daily hydraulic head (m) in wells Vista Hermosa 

(4C) and Moctezuma (4B). Hydraulic head difference 

between them at the start point = 0.35 m. 

 

 

 
 

Figure 3 Hydraulic head (m) during a period of 64 days 

wells Vista Hermosa (4C) and Moctezuma (4B). 

Hydraulic head difference between them at the start point 

= 0.02 m. 
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Figure 4 Marginal quasiprobability of α 

 

 
Figure 5 Marginal quasiprobability of n 

 

 
 

Figure 6 Adjustment of the Boussinesq model to the data 

of the recession curves. Wells Vista Hermosa (ho = 0.98 

m, Mod1) and Moctezuma (ho = 1.3 m; Mod2) 

 

 
 

Figure 7 Marginal quasiprobability of α. Equal initial 

hydraulic heads. Wells Vista Hermosa (alfa1) and 

Moctezuma (alfa2) 

 

 
Figure 8. Marginal quasiprobability of n. Equal initial 

hydraulic heads. Wells Vista Hermosa (n1) and 

Moctezuma (n2) 

 

 
Figure 9. Joint quasiprobability distribution for α and n of 

the Boussinesq model applied to recession curves with 

similar hydraulic heads 
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Figure 10. Hydraulic head (m) daily measured in the Santa 

Pilar well (3B) during a period of 60 days in 2004, 2007, 

2007-2008 and 2008-2009 

 

 
Figure 11 Sum of minimum quadratic differences (●) in 

the estimation of the parameter α (▲) for different values 

of n 

 

 
Figure 12. Hydraulic heads measured in the same well; h1 

(▲) and h2 (●) 

 

 

 
Figure 13. Marginal quasiprobability distributions of the 

Boussinesq model parameters, estimated by maximum 

likelihood using the EXCEL GRG engine. 
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Abstract 

 

To determine the dynamic behavior of 

components which is performed through the 

mechanical vibration analysis. The 

Experimental Modal Analysis (EMA) is the 

process to determine the modal parameters i.e. of 

natural frequencies, mode shapes, and damping. 

The Experimental Modal Analysis (EMA) of the 

CFM56 oil tank was performed using an impact 

hammer and a laser vibrometer. Finite Element 

Modeling (FEM) software, ANSYS APDL 19.2, 

was used to performed numerical modal analysis 

of the same oil tank. Thus, the results obtained 

for natural frequencies and mode shapes is 

presented in this document. It will contribute to 

the demonstration of the component 

functionality and to the validation of the 

proposed analysis methodology. 

 

 

 

Modal Analysis, Oil Tank, CFM56-3 

 

Resumen  

 

Para determinar el comportamiento dinámico de 

componentes se realiza a través de análisis de 

vibración mecánica. El análisis modal 

experimental es el proceso de determinar los 

parámetros dinámicos por ejemplo las 

frecuencias naturales, formas modales y 

amortiguamiento. El análisis modal 

experimental del tanque de aceite montado en el 

motor CFM56-3 fue realizado usando un 

martillo de impacto y un vibrometro de laser. El 

programa de modelado en elemento finito es 

ANSYS APDL 19.2 usado para realizar el 

modelo numérico del mismo tanque de aceite. 

Los resultados obtenidos de frecuencias 

naturales y formas modales son presentados en 

este documento. Esto contribuye a la 

demostración de la funcionalidad del 

componente y a la validación de la metodología 

de análisis propuesta. 

 

Análisis modal, Tanque de aceite, CFM56-3 
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1. Introduction 

 

The CFM56-3 oil tank stores oil used to lubricate 

and cool the engine rotating components. It 

consists of a basic envelope and a cover. 

 

The dynamic loads cause responses that 

may not be acceptable for the intended operation 

of the structure. When this is the case, the 

engineer must determine what if, anything, can 

be done to minimize or eliminate the undesirable 

response in the structure. Sometimes this can be 

very difficult if the cause of the unwanted 

response is unknown (Ewins). 

 

Modal analysis is used to extract the 

modal parameters such as natural frequency, 

damping ratio and mode shapes (Hassan). 

Experimental Modal Analysis (EMA) uses 

experimental techniques to determine the modal 

parameters through the measurement of 

frequency response function (FRFs) on many 

points of the structure (P. Castellini *, 2003). 

Finite Element Modeling (FEM) is used for 

determination of modal parameters based on the 

material properties, structure dimensions and 

accurate boundary conditions; numerical results 

must be validated through the experimental 

ones. The EMA for the oil tank modal analysis 

was implemented using a laser vibrometer 

PDV100 (AB Stanbridge & DJ Ewins, 2005) and 

an impact hammer PCB086C03.The bandwidth 

was defined from DC to 800 Hz. 

 

FEM was implemented with the 

information of Table 1, the material of the oil 

tank is aluminum alloy and the three-point soft 

support stiffness is shown. The support stiffness 

was estimated by a progressive static load test. 

The comparison of the first 3 frequencies and 

modal shapes obtained were compared. The 

results shown that are well within the reasonable 

error margin and this methodology is valid to 

characterize aeronautical components. 

 

This paper is organized as follows:  

 

Section 2 Component details which 

describe the component or object of study. 

Section 3 Experimental Modal Analysis 

describes the experimental methodology. 

Section 4 Finite Element Modeling describes the 

numerical procedure to characterize the oil tank, 

the results are provided in Section 5 EMA and 

FEA comparative results and Section 6 

concludes the paper. 

2. Component Details 

 

The function of the oil tank is to store oil used 

for cooling and lubrication of engine rotating 

components; it has three-point soft mounting. 

 
Oil Tank 

Material Aluminum Alloy 

Properties: E=72 GPa 

 ρ =2650 kg/m3 

 ν =0.3 

Three-point soft support 

 Stiffness 

Stiffness 33.89 Nm 

33.89 Nm 56.49 Nm 

 

Table 1 Oil tank and three-point support mounting details 

 

Oil tank is made of light alloy weldment 

envelope with a sealed cast light alloy cover. It 

has an external flame-resistant coating and 5 

inner bulkheads to reduce sloshing and 

strengthen the tank.  

 

Total volume (usable oil plus residual oil 

plus air) of the oil tank is 5.3 gal (20 L). It has an 

oil capacity (usable oil plus residual) of 4.8 gal 

(18 L) (Manual, 1995). 

 

3. Experimental Modal Analysis 

 

The experimental setup was prepared on CFM56 

engine, the oil tank is located on the right-hand 

side of the engine. It is secured to the fan Inlet 

case, at approx. 4.00 o’clock (Fig. 1 and 2).  

 

 
 

Figure 1 Oil tank location 
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Figure 2 Experimental Setup 

 

Modal testing was done using an impact 

hammer PCB086C03, Sensitivity: (±15%) 2.25 

mV/N, with a rubber tip, The mass of the 

hammer is 0.34 lb.  

 

For the impact and measured points the 

oil tank front face was divided into 25 grid points 

in order to achieve adequate spatial resolution of 

global structural mode shapes (Fig. 3). 

 

 
 
Figure 3 Impact Hammer Locations 

The oil tank was excited at different 

points by using the impact hammer and the 

ensuing vibration is measured with the laser 

vibrometer (Polytec laser vibrometer PDV-100). 

 

The laser beam hits on the oil tank (grid 

point #7). To provide proper reflection, a small, 

reflecting sticker is attached to the oil tank at the 

grid point #7. The experimental modal shapes 

and corresponding natural frequencies of the oil 

tank are presented in the Table 2. 

 

Mode 

EMA 

Frequency 

(Hz) 

EMA 

Modal Shapes 

1 37.5 

 

 
 

2 66.3 

 

 
 

3 77 

 

 
 

 
Table 2 Experimentally obtained natural frequencies and 

modes shapes 

 

The computed FRF based for #1-5 grid 

points measurements points is shown in Graphic 

1. 

 

 
 

Graphic 1 Computed FRFs 
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The outcome curve is a set of modal 

parameters, which consist of natural frequencies 

for each identified modes within the range of 

frequency of interest, except the mode at 60 Hz 

which was an electric noise. 

 

4. Finite Element Modeling 

 

The oil tank, which is considered an important 

part of the CFM56-3 engine, can be considered 

as a complex structure, modelling the structure 

accordingly to the actual structure might be 

difficult, the finite element model can have very 

different levels of complexity. 

 

A simplified geometry was modeled as a 

representation of the oil tank. The main 

characteristics to keep in the model are the total 

mass and stiffness in order to get the rigid body 

mode shapes related to the three-point mounting 

supports. 

 

 
 
 Figure 4 CAD Model 

 

The finite element model of the oil tank 

was created by using 154660 elements of 

tetrahedral-8 shaped elements. The oil tank was 

assigned with material properties of aluminum 

and geometric parameters, which details are 

shown in Table 1. 

 

For the three-point soft mounting, three 

torsional and rotational elements COMBIN14 

were created, 2 of them with the same properties 

and the one at the top has an elastomer which the 

stiffness was obtained by a progressive static 

load test which details are shown in Table 1. 

 

The corresponding numerically obtained 

modes shapes for different conditions of the oil 

tank are shown in Table 3. 

 

In total 13 natural frequencies and 

corresponding mode shapes were calculated 

from 0-1000 Hz. The first 3 are shown in Table 

3. 

 

5. EMA and FEM Comparative Results 
 

Correlation of data that was obtained through 

finite element analysis and modal testing to 

analyze the discrepancies existed between those 

sets of data. 

 

The results shown in Table 3 compares 

the natural frequencies of EMA and numerical 

analysis. 

 

The preliminary results obtained shows 

that  the experimental and numerical results for 

the oil tank have a good correlation. 

 
Mode 

Shape 

EMA 

(Hz) 

FEM 

(Hz) 

FEM 

Mode Shapes 

1 37.5 35.2 
 

 
 

2 66.3 58.4 
 

 
 

3 77 69.6 
 

 
 

 
Table 3 Comparison between natural frequencies and 

mode shapes obtained from FE models and EMA 

 

The average percentage of error for the 

oil tank is about 9.8%. 

 

It appears that it is very difficult to 

discard the errors and inaccuracies in finite 

element model when the structure in study is a 

complex structure.  
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There are few errors resulting from the 

assumptions made to characterize the 

mechanical behavior of the physical structure 

typically from geometrical simplifications, 

inaccurate assignments of mass, boundary 

conditions, incorrect joint stiffness (Sharma, 

2018). 

 

However, to reduce the existing 

discrepancies, model updating procedure can be 

applied on the finite element model of the oil 

tank, thus improving the model to have better 

correlation with the experimental results.  

 

Several updating parameters (Young’s 

modulus and all the thicknesses used in finite 

element analysis) maybe be considered to be 

included in model updating procedure. Besides 

that, during performing modal analysis using 

impact hammer test and run analysis in 

ME’Scope, the electrical noise may affect the 

results. 

 

6. Conclusions 

 

In this work, experimental and numerical modal 

analysis of the oil tank has been performed. 

 

A finite element model of the oil tank 

was produced and the percentage of errors 

between those two sets of data was obtained. 

Defined that the outcome obtained from the 

numerical analysis is close to the modal testing 

and because of some existing error, will affect 

the results. 

 

The average differences between finite 

element analysis and experimental analysis are 

within 10%. 

 

Discrepancies of percentage error of 

obtained natural frequency for FEM and EMA 

makes both of the methods can be applied to 

determine the dynamic characteristic of the Oil 

tank structure. 

 

It is recommended that further research 

be undertaken by performing modal updating in 

order to diminish the percentage of error.  
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