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Abstract  

 

In this work, we review publications which 

analyze, develop and apply concepts of change 

points, in general, the formulation of the 

problem of the change point, and different 

problems, including some of its applications are 

presented. Applications include temporal, spatial 

and temporal-space change points, parametric 

and non-parametric methods are used. 
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Resumen 

 

En este trabajo se hace una revisión de 

publicaciones que analizan, desarrollan y aplican 

conceptos de puntos de cambio, en general  se 

presenta la formulación del problema del punto 

de cambio, y diferentes problemas del mismo, 

incluidas algunas de sus aplicaciones. Las 

aplicaciones incluyen puntos de cambio 

temporal, espacial y espacio temporales, se 

utilizan métodos paramétricos y no paramétricos 

 

Puntos de cambio, Paramétricos, No 

paramétricos 
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Introduction 

 

The change point is one of the central problems 

of statistical inference, as it relates to the theory 

of statistical control, hypothesis tests (when 

detecting whether there is any change in the 

succession of random variables observed) and 

estimation theory (when estimating the number 

of changes and their corresponding locations). 

Change point problems originally arose in 

quality control and can generally be found in 

various experimental and mathematical 

disciplines such as environmental sciences, 

epidemiology, seismic signal processes, 

economics, finance, geology, medicine, biology, 

physics, etc.  (Chen & Gupta, 2012). The change 

points are presented abruptly and gradually 

(Brodsky & Darkhovsky, 1993), and (Brodsky, 

Brodsky, & Darkhovsky, 2000) carry out their 

analysis on independent and dependent random 

variables over time and space.  

 

The general objective of this paper was 

to investigate and analyze the methodologies 

developed in the study of change points and their 

different applications in the space-time problem. 

The methodologies consist in finding the test 

statistics and by means of it, when contrasting 

the hypotheses, deciding whether there are 

change points.  

 

Most spatial-temporal analysis 

approaches are developed in three separate 

stages (separate spatial analysis for each time 

point, separate temporal analysis for each 

location and analysis of spatial-temporal data 

with methods for random fields in 𝑅𝑑+1 

(Schabenberger & Gotway, 2004).  The first two 

approaches can be considered conditional 

methods because they isolate a particular point 

or time location and apply standard techniques 

for the type of resulting data. A two-stage 

variation on the topic is to combine the results of 

the conditional analyses into a second stage. 

Two-stage approaches are common in statistical 

application, in which multiple sources of 

variation exist.  

 

Analyses of space-time, spatial and 

temporal change points are performed under 

different approaches: nonparametric and 

parametric.  In this work, different approaches 

are included regarding the change points, both 

spatial, temporal and space-time; parametric and 

non-parametric.   

 

The detection of change points is 

important, because when estimating future 

events, we want accurate models and to be able 

to predict with greater precision. This is 

achieved using some methodology of change 

points; therefore, we analyze and include 

methodologies and some works that apply them, 

in addition to some works in which some other 

methodologies not presented in this article were 

used. 

 

In general, the problem of change points 

in space and time treats different change points 

according to (Xun, Shashi, & Reem, 2014), the 

changes in space and time are classified in the 

following way: changes in statistical parameters, 

change in the value, change in the model 

adjusted to the data, this is reflected in the 

change of behavior of the trend which can be 

linear or polynomial, change in the attributes of 

the slope. In space, the changes are: raster-based, 

vector-based and image-based. In spacetime the 

change also refers to volume.   

 

This paper is structured as follows: the 

second section presents the formulation of the 

problem of change points with respect to 

parameters, their classification and diagnostic 

methods; section 3 presents change point 

methods in parametric and nonparametric form; 

section 4 summarizes in tables some applications 

with different parametric and nonparametric 

methods; section 5 includes the results; section 6 

presents the conclusions; and section 7 provides 

the bibliographic references. The detection of 

change points is important, because when 

estimating future events, we want accurate 

models and to be able to predict with greater 

precision. This is achieved using some 

methodology of change points; therefore, we 

analyze and include methodologies and some 

works that apply them, in addition to some works 

in which some other methodologies not 

presented in this article were used. 

 

Change Point Formulation 

 

When a change point is mentioned, the first 

question that comes to mind is: what is a change 

point? (Chen & Gupta, 2012). It is defined as the 

site, or point in time t, in a succession of data  

{𝑥𝑡𝑖
} 𝑖 = 1, . . , 𝑛 observed and ordered with 

respect to time, such that these observations 

follow a distribution 𝐹1, before a point, and in 

another point after it, the distribution is 𝐹2. 
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 From the statistical point of view, the 

succession of observations shows a non-

homogeneous behaviour. In general, the 

problem of change points according to (Chen & 

Gupta, 2012) is visualised as follows:  

 

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a succession of 

independent random vectors (or variables) with 

probability distribution functions 𝐹1, 𝐹2, … , 𝐹𝑛, 

respectively. Then the problem of change points 

is to test the null hypothesis 𝐻0 of the non-

existence of change against the alternative 

𝐻𝑎  that there is at least one change point:   

 

𝐻0: 𝐹1 = 𝐹2 = ⋯ = 𝐹𝑛           𝑣𝑠 

𝐻𝑎 : 𝐹1 = ⋯ = 𝐹(𝑘1) ≠ 𝐹(𝑘1+1) = ⋯ = 𝐹(𝑘𝑞)

≠ 𝐹(𝑘𝑞+1) = ⋯ = 𝐹𝑛 

 

Where    1 < 𝑘1 < 𝑘2 < ⋯ < 𝑘𝑞 <

𝑛 ;      𝑞  is the unknown number of change points 

and 𝑘1, 𝑘2, … , 𝑘𝑞 are the respective unknown 

positions that have to be estimated.  If the 

distributions 𝐹1, 𝐹2, … , 𝐹𝑛 become a common 

parametric family 𝐹(𝜃), where 𝜃 ∈ 𝑅𝑝, then the 

problem of change points is to test the null 

hypothesis 𝐻0 on the non-existence of change in 

the parameters 𝜃𝑖 , 𝑖 = 1, … , 𝑛 of the population 

against the alternative 𝐻𝑎  that there is at least 

one change point:   

 
𝐻0: 𝜃1 = 𝜃2 = ⋯ = 𝜃𝑛 = 𝜃,      𝑢𝑛𝑘𝑛𝑜𝑤𝑛          𝑣𝑠 

𝐻𝑎 : 𝜃1 = ⋯ = 𝜃(𝑘1) ≠ 𝜃(𝑘1+1) = ⋯ = 𝜃(𝑘𝑞) ≠

𝜃(𝑘𝑞+1) = ⋯ = 𝜃𝑛  

where 𝑞   𝑎𝑛𝑑  𝑘1, 𝑘2, … , 𝑘𝑞   must be estimated. 

These hypotheses together reveal the inference 

aspects of change points to determine if any 

change point exists in the process, estimate their 

number and their respective positions. 

 

 In several cases it is assumed that the 

observations are independent and identically 

distributed (i.i.d.), since the analysis is more 

complex if there is dependence between the 

observations. In the case of time series, the 

dependence occurs among the observations 

within each time segment; in the case of space-

time data, the dependence occurs over space and 

time. 

 

 According to (Brodsky & Darkhovsky, 

1993) and (Brodsky, Brodsky, & Darkhovsky, 

2000) the problems and methods of diagnosing 

change points can be classified as follows: 

 

 By the character of the information on 

the diagnostic object: Retrospective analysis (a 

posteriori) and sequential analysis; by the 

character of statistical diagnostic methods: 

Parametric, nonparametric and semiparametric 

methods; by the character of the diagnostic 

object: Statistical diagnostic problems for 

random processes (in discrete or continuous 

time) and statistical diagnostic problems for 

random fields; by the character of statistical 

dependence between observations: change point 

problems can be formulated for random 

sequences with independent observations, and 

change point problems for dependent 

observations in time or space, in a one-

dimensional and multidimensional form, a single 

change point or multiple change points; by the 

mechanism of change in the state of the 

diagnostic object: Detection of abrupt change 

(change point problems), detection of gradual 

change, detection in regression relations; by the 

mechanism of change in the state of the 

diagnostic object: Detection of abrupt change 

(change point problems), detection of gradual 

change, detection in regression relations. These 

changes are observed in the probabilistic 

characteristics of the observations. 

 

Change Point Methods 

 

This section presents parametric and non-

parametric methods of change points. Then, they 

will be described in detail. 

 

Parametric methods 

 

The parametric methods are: the standard normal 

homogeneity test, Von Newman, Buishand 

Ranges, t Motion, the Cumulative Anomaly Test 

and one more based on kernel. The standard 

normal homogeneity test was developed by 

(Alexandersson, 1986) to compare the mean of 

the first k years of recording with that of the last 

n - k years, the hypothesis contrast is: 

 

𝐻0: 𝜇1 = 𝜇2       𝑣𝑠         𝐻𝑎 : 𝜇1 ≠ 𝜇2 
 

where 𝜇1 is the average of the first k 

years and 𝜇2 is the average of the last n - k years. 

The 𝑇(𝑘) statistic is calculated as equation (1) 

based on equations (2) and (3): 

 

𝑇(𝑘) = 𝑘 𝑧1̅
2 + (𝑛 − 𝑘)𝑧2̅

2,    𝑘 = 1, … , 𝑛,   (1)   

 

where 

  𝑧1̅ =
1

𝑘
∑ 𝑧𝑖       𝑘

𝑖=1        , and                          (2) 
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Y  𝑧2̅ =
1

𝑛−𝑘
∑ 𝑧𝑖.      

𝑛
𝑖=𝑘+1                                (3) 

 

If a change occurs in year k, then 

𝑇(𝑘) peaks near year 𝑘 = 𝑘0. Test statistics 𝑇0 is 

given in equation (4)    

 

𝑇0 = max(𝑇(𝑘)) 𝑓𝑜𝑟   1 ≤ 𝑘 ≤ 𝑛 .            (4) 

 

The null hypothesis is rejected when 𝑇0 is 

larger than a certain critical value, i.e. there is a 

change point. Another proof is the relation of 

(Von Newman, 1941), which is related to the 

first-order serial correlation coeficiente. The 

relation, N, of Von Neumann is defined as the 

ratio of the difference of the successive mean 

square (year to year) and the sample mean square 

(Von Newman, 1941). The test statistic for 

change point detection in the time series 

𝑥1, 𝑥2 , … , 𝑥𝑛, is described in equation (5): 

 

𝑁 =
∑ (𝑥𝑖−𝑥𝑖−1)2𝑛

𝑖=1

∑ (𝑥𝑖−𝑥̅)2𝑛
𝑖=1

                                          (5) 

 

The 𝑋𝑖 are normally distributed with 

mean μ and variance 𝜎2. The hypotheses 

regarding the change point with respect to the 

mean are the following:    

 

𝐻0: 𝐸(𝑁), 𝑖 = 1, … , 𝑚, (i.e., the average is 

constant) 

 

Vs 

 

𝐻𝑎 : 𝐸(𝑁) + ∆, 𝑖 = 𝑚 + 1, … , 𝑛 (there is a 

change of size ∆). 

 

For homogeneous series, the expected 

value under the null hypothesis is constant 

𝐸(𝑁) = 2. Non-homogeneous series or samples 

with a change will have a value of N less than 2; 

any other value implies that the time series has a 

rapid variation in its mean. 

 

One more parametric test is the Buishand 

range test. (Buishand, 1982) developed this 

statistical test. The adjusted partial sum, which is 

the cumulative deviation of the mean for the 

observation k of a series 𝑥1, 𝑥2 , … , 𝑥𝑛 with mean 

μ, can be calculated using the equations (6) and 

(7): 

 

𝑆0∗ = 0,    and                                                     (6) 

 

𝑆𝑘∗ = ∑ (𝑥𝑖 − 𝑥̅)𝑘
𝑖=1 , 𝑘 = 1, … , 𝑛                 (7) 

 

 

Where 𝑋𝑖   have normal distribution. For 

homogeneous series, the values of 𝑆𝑘∗  fluctuate 

around zero, since in the random time series the 

deviation from its mean is generally distributed 

on both sides of the mean of the series. If the 

series breaks in year K, then 𝑆𝑘∗  reaches a 

maximum (negative change) or a minimum 

(positive displacement) near year k = K.  

 

The readjusted partial sums are obtained 

by dividing the 𝑆𝑘∗  by the sample standard 

deviation, as shown in the equation (8): 

 

𝑆𝑘∗∗ =
𝑆𝑘∗

𝐷𝑦
,          𝑘 = 0, … , 𝑛,                         (8) 

 

With (10) 

 

 𝐷𝑦
2 = ∑

(𝑦𝑖−𝑦̅)́ 2

𝑛

𝑛
𝑖=1                                         (10) 

 

The homogeneity test is based on the 

adjusted rescalated partial sums 𝑆𝑘∗∗. The 

statistic for homogeneity developments is (11): 

 

𝑄 = max
0≤𝑘≤𝑛

| 𝑆𝑘∗∗| ,                                             (11) 

 

high Q values are an indication of a 

change. 

 

Another test is the t Motion test, which is 

used by (Yin, Liu, Yi, & Liu , 2015), who used 

it to detect possible abrupt change points. The t 

Motion test is the t-test of two samples 

(Snedecor & Cochran, 1989) which is used to 

determine if two population means are equal. 

The data can be paired or unpaired. If they are 

paired it means that there is a one-to-one 

correspondence between the values in the two 

samples, for paired samples the difference is 

usually calculated. For unpaired samples, the 

sample sizes for two samples may not be the 

same. Sample variances can be assumed to be the 

same or different. 

 

The hypothesis contrast to the mean to 

detect a change is: 

 

𝐻0: 𝜇 = 𝜇2    𝑣𝑠     𝐻𝑎 : 𝜇1 ≠ 𝜇2, 
 

When the variances are the same, the test 

statistic is (12): 

 

𝑡 =
𝑥̅1−𝑥̅2

𝑠√
1

𝑛1
+

1

𝑛2

                                                 (12) 
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Where, 𝑠 = √
𝑛1𝑠1

2+𝑛1𝑠2
2

𝑛1+𝑛2−2
. 

 

This test statistic is used to detect a 

change point, for a given time series 𝑥𝑛 which 

has n random samples, the reference point is set 

for a given time. The samples of two 

subsucessions before and after a point data are 

𝑛1 and 𝑛2. 𝑥̅1 and  𝑥̅2 are the average of two 

subsucessions and 𝑠1
2 and 𝑠2

2are the variances of 

two subsucessions. 

 

The t Motion test according to (Yin, Liu, 

Yi, & Liu , 2015) is carried out in three steps to 

detect abrupt change. First, the same length of 

two subsections before or after the point data is 

defined; normally, 𝑛1 = 𝑛2. Second, according 

to the mathematical expression in (2), the 

statistical value of two subsections is 

successively calculated using the t Motion 

method for a set of point data. Third, the average 

values of two samples are compared at a given 

significance level to detect the change. If |𝑡1| <
𝑡𝛼, the analyzed variable has abrupt change in 

the point data.   

  

A test analyzed by (Lishan, Suiji, & 

Xiaoli, 2010) is the cumulative anomaly method 

for revealing abrupt changes in water discharge 

and suspended sediment concentration (SSC). 

According to (Lishan, Suiji, & Xiaoli, 2010), 

mathematically cumulative anomaly is a method 

for distinguishing a trend change from discrete 

data and is widely used in meteorology to 

analyze variations in precipitation and 

temperature. For a discrete 𝑥𝑖 series, the 

cumulative anomaly (𝑋𝑡) for point data 𝑥𝑡 can be 

expressed as (13):  

 

𝑋̂𝑡 = ∑ (𝑋𝑖 − 𝑋̅),   𝑡 = 1,2, … , 𝑛𝑡
𝑖=1                (13) 

 

𝑤𝑖𝑡ℎ 𝑋̅ =
1

𝑛
∑ 𝑥𝑖

𝑛
𝑖=1 , and 𝑋̅ is the mean 

value of the 𝑥𝑖 series, and n is the number of 

discrete points. As the equation suggests, the 

cumulative anomaly can be used to analyze the 

magnitude of the fluctuation of a series of 

discrete data, usually the increase in the 

cumulative anomaly value indicates the point 

data involved that are larger than the average, 

otherwise lower than the average. In the study, 

the variable x represents the average annual 

discharge and the average annual suspended 

sediment concentration (SSC), respectively.  

 

 

This is a test that has been used by some 

other researchers besides Ran et al. to analyze 

changes: (Suiji, Xunxia, Ming, & Zhao, 2012) 

and for changes in space-time (Xiujing, Shifeng, 

Yongyong, & Cuicui, 2013). 

 

Another method is Single Spectrum 

Analysis (SSA) ((Morkvina, 2001) and 

(Morskvina & Zhiglijavsky, 2003)), this is a 

powerful technique of time series analysis, used 

to detect change points.  

 

Algorithm to detect change points:  

 

Let 𝑥1, 𝑥2, … , 𝑥𝑇, a time series with T<∞. 

Select: from the window width N(N≤T) the lag 

parameter (𝑀 ≤
𝑁

2
, k = N – M + 1 and 0≤p<q, 

I=(1,..,l) where l denotes the number of 

eigenvectors that form the base of the subspace. 

 

1. The base matrix 𝑋(𝑛), called the 

trajectory matrix, 𝑋(𝑛) has multivariate 

data with M characteristics and k 

observations. Columns 𝑋𝑗
(𝑛)

 with 

j=1,...,n of 𝑋(𝑛) are considered as vectors 

falling into dimensional M space.   

 

2. The covariance lag matrix.. 𝑅𝑛 =

𝑋(𝑛)(𝑋(𝑛))𝑇. 

 

3. The M eigenvalues and eigenvectors of 

𝑅𝑛. 

 

4. 𝐷𝑛,𝐼,𝑝,𝑞 is the matrix of the sum of the 

differences for the vectors 𝑋𝑗
(𝑛)

, the 

matrix with columns 𝑋𝑗
(𝑛)

 (𝑗 = 𝑝 +

1, … , 𝑞) is called the test matrix in (14), 

  

𝐷𝑛,𝐼,𝑝,𝑞 =   ∑ ((𝑋𝑗
(𝑛)

)𝑇𝑋𝑗
(𝑛)𝑞

𝑗=𝑝+1 −

                                          (𝑋𝑗
(𝑛)

)𝑇𝑈𝑈𝑇𝑋𝑗
(𝑛)

.       (14) 

 

And 𝑈𝑖1, … , 𝑈𝑖𝐼 denotes the eigenvectors 

that form the basis of subspace 𝐿𝑛,𝐼 , 𝑙 < 𝑀.  

 

5. Calculate the normalized square distance 

𝑆𝑛, like in 15  

  

𝑆𝑛 =
𝐷̃𝑛,𝐼,𝑝,𝑞

𝑣𝑛
                                                    (15) 
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𝑎𝑛𝑑  𝐷̃𝑛,𝐼,𝑝,𝑞 =
1

𝑀(𝑞−𝑝)
𝐷𝑛,𝐼,𝑝,𝑞 which is the 

normalized sum of square distances 

(normalization is made with respect to the 

number of elements in the test matrix). 𝑣𝑗 is an 

estimator of the normalized sum of square 

distances 𝐷̃𝑛,𝐼,𝑝,𝑞 in the time intervals [j + 1, j + 

N] where the no change hypothesis can be 

accepted. It is suggested to use 𝐷̃𝑛̃,𝐼,𝑝,𝑞, where ñ 

is the largest value of j<n such that the null 

hypothesis of no change in the interval [j + 1, j + 

N] has been accepted.   

 

The decision rule in the proposed 

algorithm is to declare a change if for any n, 

𝑆𝑛 ≥ 𝐻, where H is a fixed threshold, i.e. large 

values of 𝐷𝑛,𝐼,𝑝,𝑞 and 𝑆𝑛 indicate that there is a 

change in the structure of the series.  

 

Note: A general recommendation is to 

select p ≥ k; this makes the base columns and the 

test matrix consist of different elements. In this 

case, the algorithm is more sensitive to changes 

than its economic version (in the sense of the 

number of 𝑥𝑡 involved in each iteration n) when 

p < k and so, some of the base columns and test 

matrices match. 

   

To obtain a smoother behaviour of the 

test statistic 𝐷𝑛,𝐼,𝑝,𝑞, q needs to be selected 

slightly larger than p. If the difference q-p is also 

large, then the behaviour of 𝐷𝑛,𝐼,𝑝,𝑞  becomes 

larger; this perhaps for example when p = 0 and 

q = p (that is, the base and the test matrix 

coincide). 

 

Regarding the kernel-based space-time 

change points test is the work of (Jansenberger 

& Steinnocher , 2014) who made a contribution 

which focuses on space-time changes. For the 

spatial quantification of such changes, the dual 

kernel density estimation method was used. For 

such method, two different data sets were related 

to each other. Changes in spatial concentration 

of grocery stores of two retail groups in the 

province of Austria were analyzed for 1998 and 

2001. 

 

The researchers use a quartic kernel 

function. However, since the result of an 

analysis is not strongly influenced by the 

selected function, there are no rules concerning 

the selection of an appropriate function. There 

are several different kernel functions, the most 

common kernel function is the normal 

distribution function in (16): 

𝑘 (
𝑑𝑖

𝑛
) =

1

2𝜋
exp [−

1

2
(

𝑑𝑖

𝜇
)

2

]                         (16) 

 

With 𝜇 = (
𝑠−𝑠𝑖

𝑏
), based on this function 

the density estimate is expressed in (17): 

 

𝑓(𝑠) =
1

𝑏2
∑ 𝑘 (

𝑑𝑖

𝑏
)𝑛

𝑖=1                                               (17) 

 

where 𝑑𝑖 is the distance between the s points and 

the location of the observed point. Because 

bandwidth b is the standard deviation of the 

normal distribution, this function extends to 

infinity in all directions, i.e. it was applied to 

each of the points in the region.  

 

In this analysis, the quartic Kernel 

function is used, which has a circumscribed 

radius, which is also the bandwidth. The quartic 

kernel function is applied to a limited area 

around each location and has the functional form 

in (18) 

 

𝐾(𝜇) = {
3

4
(1 − 𝜇2𝜇)2        𝑓𝑜𝑟  𝜇2𝜇 ≤ 1

0                                          𝑑. 𝑜. 𝑓.
      (18) 

 

Kernel density is also estimated, which is 

an interpolation technique that relates individual 

point locations or points for an entire area and 

provides estimates of density λ(s) (19), at a 

location within the study region R. 

 

𝜆(𝑠̂) = ∑ 𝑘 (
𝑑𝑖

𝑏
)𝑛

𝑖=1                                          (19) 

 

If the dual kernel is applied to a variable, 

this is known as a singular density estimate. If it 

is applied to two variables, this is called a dual 

density estimate. In the latter case, a kernel 

density is estimated for each of the variables 

individually and then the two density estimates 

are related to each other by a simple algebraic 

operation such as a sum, difference and quotient. 

The most commonly used operation is the 

quotient. In this study, however, the difference 

in absolute value of the densities was used and 

with it the space-time changes in the region of 

study were visualized. 

 

Non-parametric tests 

 

Within the non-parametric tests, there are: Pettit, 

Mann Kendall and Lepage. The nonparametric 

Pettitt test (Pettitt, 1979) detects a change in an 

unknown time, he uses a version of the test of 

two Mann-Whitney samples, and calculates their 

statistical significance.  
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He considers a time series 𝑥𝑖(1 ≤ 𝑖 ≤
𝑛)) and uses a 𝑈𝑡,𝑛  statistic, which is equivalent 

to a Mann-Withney statistic, which is used to 

prove that the two samples 𝑥1, … , 𝑥𝑡  and 

𝑥𝑡+1, … , 𝑥𝑛, are from the same population. The 

null hypothesis 𝐻0 of the Pettitt test is the 

absence of change points, while the alternative 

hypothesis is the existence of a change point. It 

is considered to (20)   

 

𝐷𝑖𝑗 = 𝑠𝑔𝑛(𝑋𝑖 − 𝑋𝑗)                                    (20) 

where 𝑠𝑔𝑛(𝑥) = {
1,        𝑥 > 0

0  ,      𝑥 = 0       
−1           𝑥 < 0.

 

 

The statistic test is given in (21): 

 

𝑈𝑡,𝑛 = ∑ ∑ 𝐷𝑖𝑗 ,      𝑡 = 2, … , 𝑛.𝑛
𝑗=1+1          𝑡

𝑖=1 (21) 

 

The Pettitt test uses the test statistics given in 

(22),  

 

𝑘𝑡 = max
1≤𝑡≤𝑛

|𝑈𝑡,𝑛|                                           (22) 

 

For testing one tail and for changing 

directions, the statistics given in (23) are used, 

 

𝑘1
+ = max

1≤𝑡≤𝑛
|𝑈𝑡,𝑛|,   𝑘1

− = min
1≤𝑡≤𝑛

|𝑈𝑡,𝑛|.           (23) 

 

Obviously 𝑘𝑡 = max(𝑘𝑡
+, 𝑘𝑡

−). It should 

be noted that in the null hypothesis 𝐻0, 𝐸(𝐷𝑖𝑗) =

0 and the distribution of 𝑈𝑡,𝑛 is symmetrical 

around zero for each t. So, 𝑘𝑡
+ and   𝑘𝑡

− have the 

same null distribution.   The statistics 𝑘𝑡
+ are   𝑘𝑡

− 

are from a tail, and use the theory of Mann-

Whitney, 𝑘𝑡
+ can be expected to be large if there 

has been a downward change in the level of the 

beginning of the series. 𝑘𝑡
+ can be large if 

𝐹1 (𝑥) ≤  𝐹2(𝑥), with strict inequality for at least 

some x. Similarly, 𝑘𝑡
− can be expected to be 

large if there has been an upward change or 

𝐹1 (𝑥) ≥  𝐹2(𝑥). 

The significant change point is at the maximum 

𝑈𝑡,𝑛 value and the level of significance 

associated with 𝑘𝑡
+ and 𝑘𝑡

− is determined 

approximately by (24) 

 

 𝜌 = 2 exp (−
6𝑘𝑡

2

𝑛3+𝑛2),                                  (24) 

 

if ρ is smaller than the specific significance level, 

e.g. 0.05, the null hypothesis is rejected. In other 

words, if there is a significant change point, the 

time series is divided into 2 parts at the location 

of the change point t.  

The probability of approximate 

significance for a change point is defined as p = 

1 - ρ. The Mann-Kendall test is a non-parametric 

method for trend detection and change points 

due to its robustness and simplicity. The Mann-

Kendall test has been widely used to evaluate the 

monotonic trend significance of 

hydrometeorological variables. (Liu, Xu, & 

Huang, 2012) cites this test in their analysis and 

mention the Mann-kendall- Sneyers test; while 

(Sneyers, 1990) calls this statistic the Mann 

statistic. For time series, the magnitudes 𝑥𝑖(𝑖 =
1,2, … , 𝑛) mean time series that are compared 

with 𝑥𝑗(𝑖 = 1,2, … , 𝑖 − 1). For each comparison, 

the number of cases is counted 𝑥𝑗 > 𝑥𝑖 which is 

denoted by 𝑟𝑖. The null hypothesis 𝐻0 indicates 

the existence of no trend in the time series, while 

the alternative hypothesis 𝐻1 establishes that 

there is a trend in the data set. Under the null 

hypothesis (no trend), the range series is (25): 

  

𝑆𝑘 = ∑ 𝑟𝑖,
𝑘
𝑖=1                                                    (25) 

 

Where  

𝑟𝑖 = {

+1                  𝑥𝑖 > 𝑥𝑗  

                          𝑗 = 1,2,3, … , 𝑖
0                  𝑥𝑖 ≤ 𝑥𝑗      

  

 

has normal distribution with mean and variance 

given by: 𝐸(𝑆𝑘) =
𝑘(𝑘+1)

4
, 𝑣𝑎𝑟(𝑆𝑘) =

𝑘(𝑘−1)(2𝑘+5)

72
. 

 

Forward Sequential Statistics in (26) 

 

𝑈𝐹𝑘
=

[𝑆𝑘−𝐸(𝑆𝑘)]

√𝑣𝑎𝑟(𝑆𝑘)
   𝑘 = 1,2, … , 𝑛                    (26) 

 

is a standardized normal variable. The backward 

sequence 𝑈𝐵𝑘
 is estimated using the same 

equation but with an inverted series of data. In a 

2 tail trend test, the null hypothesis is accepted 

with a level of significance α if |𝑈𝐹𝑘
| ≤

(𝑈𝐹𝑘
)1−

𝛼

2
 where (𝑈𝐹𝑘

)1−
𝛼

2
 is the critical value of 

the standard normal distribution with a 

probability α. 𝑈𝐹𝑘
>0 denotes an upward trend, 

while the opposite denotes a downward trend (i.e 

𝑈𝐵𝑘
 is similar to 𝑈𝐹𝑘

).  

 

The sequential version of the test used 

allows the detection of the approximate time of 

occurrence of the change of trend by localizing 

the intersection of the forward and backward 

curves of the test statistic. 
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A point of intersection within the range 

of confidence indicates a change point. Another 

nonparametric test is the Lepage test. This is a 

two-sample test for location and dispersion 

(Lepage, 1971), which has been widely used to 

detect changes such as long-term trends, cyclical 

variations and staggered changes for 

precipitation. Lepage assumes that the size of the 

study series is equal to or greater than ten and the 

Lepage statistic (HK) follows the Chi-square 

distribution (χ2) with two degrees of freedom. It 

is assumed that the samples come from 

continuous distributions and are independent. 

The Lepage (HK) statistic is given in (27): 

  

𝐻𝐾 =
[𝑊−𝐸(𝑊)]2

𝑉(𝑊)
+

[𝐴−𝐸(𝐴)]2

𝑉(𝐴)
                           (27) 

 

Let 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛1) and  𝑦 =
(𝑦1, 𝑦2, … , 𝑦𝑛2) two independent samples of size 

𝑛1 𝑎𝑛𝑑 𝑛2. It is assumed that 𝜇𝑖 = 1 if the 

smallest i-th observation in a combined sample 

size (𝑛1 , 𝑛2) belongs to x and 𝜇𝑖 = 0 if it 

belongs to y.   

 

The null hypothesis 𝐻0 of the Lepage test 

assumes that the distributions from which the 

two samples come are equal, contrasting against 

the alternative 𝐻𝑎  in which they are considered 

to be different. If the HK test statistic exceeds 

5.99, the difference between two samples is 

judged as significant at the confidence level of 

95 percent (significance level of 5 percent), i.e. 

the null hypothesis that the distributions are 

equal is rejected, therefore there is a change 

point.   

 

The terms in Eq. (27) can be derived 

from equations (28), (29), (30) and (31). 

 

𝑊 = ∑ 𝑖𝜇𝑖
𝑛1+𝑛2
𝑖=1 ,                                              (28) 

𝐸(𝑊) =
𝑛1(𝑛1+𝑛2+1)

2
                                         (29) 

𝑉(𝑊) =
𝑛1𝑛2(𝑛1+𝑛2+1)

2
                                     (30) 

 

𝐴 =
1

2
𝑛1((𝑛1 + 𝑛2 + 1) + 1) 

            + ∑ |𝑖 −
1

2
(𝑛1 + 𝑛2 + 1)|𝜇𝑖

𝑛1+𝑛2
𝑖=1         (31) 

 

If (𝑛1 + 𝑛2) is even 𝐸(𝐴) and  𝑉(𝐴) will 

be calculated as in (32) and (33): 

 

𝐸[𝐴] =
𝑛1(𝑛1+𝑛2+2)

4
 ,  and                                   (32) 

 

𝑉(𝐴) =
𝑛1𝑛2(𝑛1+𝑛2−2)(𝑛1+𝑛2+2)

48(𝑛1+𝑛2−2)
.                      (33) 

The statistical characteristics of the 

segments divided by the change points are 

detected by the mean and the coefficient of 

variation (𝐶𝑣). Thus,    𝜇𝑥 = 𝐸[𝑥] = 𝜇1
′   and    

𝐶𝑣 =
𝑆𝑥

𝑥
, where 𝑆𝑥 = √

∑ (𝑥𝑖−𝑥̅)2𝑘
𝑖=1

(𝑛−1)
 . 

 

Application problems 

 

Three tables are presented below, which 

summarize the different application problems of 

the change points studied and the methodology 

used for their detection, as well as the 

researchers who have used the methodologies. 

The three tables consist of three columns, which 

contain the problem or application, the author or 

authors and the model or methodology used to 

detect the change point or points. In the first 

table there are applications in which the change 

point analysis is carried out by means of the 

methods listed in column 3, superscript is 

placed, the models range from 1 to 4. In the 

second table, superscript is placed for 

researchers who use the model listed in column 

3, the models range from 1 to 15. In table 3 the 

same procedure is performed, models from 1 to 

9 are listed and the researchers who used it are 

placed as superscripts.  

 
Problem Authors Models 

Lake temperature (Chavaillaz, Joussaume, 

Bony, & Braconnot, 

2015)1 

1. Regression 

Precipitation and 

temperature 

(Skliris, y otros, 2014)1  

Contaminant 

concentration 

(Abdel, El, Sean, Rong, & 

Yalin, 2011)1 

 

Precipitation and 

temperature 

(Chengjing, y otros, 

2012)1 

 

Change in ocean 

aerosols 

(Cermak, Wild, Knutti, 

Mishchencko, & 

Heidinger, 2010)1 

 

Growth of Chinese 

spruce 

(Ma, Shi, Wang, & He, 

2006)1 

 

Land use change (Bollinger, Kienast, 

Soliva, & Rhuterford, 

2007)1 

 

Sea surface 

temperature 

(González Taboada & 

Andón , 2012)1 

 

Vegetation index (Luan, y otros, 2018)1  

Spatial 

concentration of 

grocery stores 

(Jansenberger & 

Steinnocher , 2014)2 

2.Kernel 

Hydrology (flow) (Yang, Chen, Xu, & 

Zhang, 2009) 3 

3. Single 

spectrum 

analysis 

Climate 

(Precipitation) 

(Xiujing, Shifeng, 

Yongyong, & Cuicui, 

2013) 4 

4.Pettit 

 
Table 1 Regression, Kernel, Single Spectrum Analysis, 

Pettit, t Motion, Buishand Ranges, Normal Standard 

Homogeneity and Von Newman 
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Problem Authors Models 

Climate (temperature) (Yin, Liu, Yi, & Liu 

, 2015)1 

1.t Motion 

2.Pettit 

Climate (temperature) (Malekian & 

Kazemzadeh, 

2015)1,2,3 

3. Ranges of 

buishand 

Change in air 

temperature 

(Chakraborty, y 

otros, 2017)1,2,4,5 

4. Homogeneity 

Normal standard 

Zink contamination (Tlili, y otros, 

2011)6 

5.Von Neuman 

Growth of Chinese 

spruce 

(Ma, Shi, Wang, & 

He, 2006)7 

6. Multivariate 

Statistics 

Exotic Vegetation (Tierney & 

Cushman, 2005)8,10 

7. Gini and 

Lorentz 

Coefficient 

Change of land use (Bollinger, Kienast, 

Soliva, & 

Rhuterford, 2007)9 

8.MANOVA 

9. Logistic 

Regression 

Soil breathing (Akburak & 

Makineci, 2012)10 

10.ANOVA 

Detection of 

telecommunication 

fraud 

(Hilas, Rekanos , & 

Mastorocostas, 

2013)11 

11.ARIMA 

12.MEDIAN 

Climate (Temperature) (Luo, Bryan, 

Bellotti, & 

Williams , 2005)12 

13.ANCOVA 

Soil water content (Cubera & Moreno, 

2007)13 

14.t Motion 

Precipitation rates (Chavaillaz, 

Joussaume, Bony, 

& Braconnot, 

2015)14,15 

15.Mann Kendall 

Water temperature (Peter, 2017)2  

 

Table 2 MANOVA, ARIMA, Bayesian space, Mann 

Kendall, Median and ANOVA 

 
Problem  Authors Models 

Climate 

(precipitation) 

(Chen, Kimb, & 

Kimc, 2016)1 

1. Bayesian Space 

Climate 

(temperature) 

(Yin, Liu, Yi, & Liu , 

2015)2 

2.Mann Kendall 

Climate 

(precipitation) 

(Biana, y otros, 

2017)2,3 

3.Pettit 

Change in air 

temperature 

(Chakraborty, y otros, 

2017)3 

 

Temperature in the 

lake 

(Yankova, Villiger, 

Pernthaler, Schanz, & 

Posch , 2017)2 

 

Precipitation (Adeyeri, Lamptey, 

Lawin, & Sanda, 

2017)3 

 

Climate 

(temperature) 

(Malekian & 

Kazemzadeh, 

2015)2,3 

 

Climate 

(precipitation, flow) 

(Gebremicael, 

Mohamed, Zaag, & 

Hagos, 2017)2,3 

 

Vegetation index, 

habitat change in 

estuary 

(Marcoe & Pilson, 

2017)4 

4. Data comparison 

Change of the beach (Michalowska, 

Glowienka, & Pekala, 

2016)5 

5.Images 

6.Bayesian space 

Intellectual 

coefficient 

(Cai, Lawson, 

McDermott, & 

Aelion, 2016)6 

7. Yamamoto 

Method 

8. Wavelet Method 

Climate 

(Precipitation, 

temperature) 

(Huiying, y otros, 

2016)7,8,9 

9.Trend rate 

 

Table 3 Mann Kendall, Pettit, Lepage, Bayesian, spline, 

comparative data and images 

 

 

 

Results 

 

As a result of this research, the different 

applications, their authors and applied models 

are presented summarized in tables. It can be 

observed that the studies of hydrometeorological 

variables are of main interest. 

 

 As can be observed in the introduced 

methodologies, both parametric and 

nonparametric, what was done was to determine 

the test statistic and, by means of this, to contrast 

the hypotheses in order to decide whether there 

are change points. Therefore, the objective is to 

determine the test statistic in any proposed 

methodology, often having the need to obtain 

limit distributions in order to make the contrast. 

  

 In terms of applications, for example in 

Bayesian models, in order to find the aposteriori, 

both informative and non-informative aprioris 

can be worked on. 

 

Conclusion 

 

Many of the works on both parametric and non-

parametric change points apply the methodology 

of change points in precipitation, temperature, 

change in air temperature, water temperature and 

water flow, to name a few. Although these 

application problems occur frequently, there are 

also some others that have been summarized in 

the tables of the application section, however the 

hydrometeorological variables as can be 

observed are of main interest. In the same way, 

it is of interest to identify the change points in 

the inference to obtain better accuracy.  
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